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Abstract 



This thesis deals with the two duahty symmetries of = 2 D = 10 super- 
gravity theories that are descendant from the full superstring theory: fermionic 
T-duality and U-duality. 

The fermionic T-duality transformation is applied to the D-brane and pp- 
wave solutions of type IIB supergravity. New supersymmetric solutions of com- 
plexified supergravity are generated. We show that the pp-wave yields a purely 
imaginary background after two dualities, undergoes a geometric transformation 
after four dualities, and is self-dual after eight dualities. 

Next we apply six bosonic and six fermionic T-duahties to the AdS4 x CP^ 
background of type IIA supergravity, which is relevant to the current research 
in the amplitude physics. This helps to elucidate the potential obstacles in 
establishing the self-duality, and quite independently from that shows us that 
fermionic T-dualities may be degenerate under some circumstances. 

Finally, we make a step towards constructing a manifestly U-duality covari- 
ant action for D = 10 supergravities by deriving the generalized metric for a 
Dl-brane. This is a single structure that treats brane wrapping coordinates on 
the same footing as spacetime coordinates. It turns out that the generalized 
metric of a D-string results from that of the fundamental string if one replaces 
the spacetime metric with the open string metric. We also find an antisymmetric 
contribution to the generalized metric that can be interpreted as a noncommu- 
tativity parameter. 
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CHAPTER 1 



INTRODUCTION 

1.1 String theory dualities 

The development of string theory during and after what is commonly referred 
to as "second superstring revolution" is marked by an increasing role played by 
dualities [31 IH E! and D-branes [51 E] • It is the shift of paradigm from the tra- 
ditional methodology centred around worldsheet techniques [9] to the newer 
"spacetime approach" that has promoted string dualities to the important posi- 
tion they occupy nowadays. "Spacetime approach" here stands for the methods 
and objectives dictated by the greater role played by the effective low energy 
theories in string theory research. The two approaches are of course interdepen- 
dent, and indeed the approach based on effective theories has been made possible 
in the first place by the worldsheet derivation of dynamics of the effective theo- 
ries. Namely, one obtains the dynamical equations of the effective supergravity 
theories by imposing consistency constraints on the quantum worldsheet theory. 



The scheme in figure 1.1 summarizes these relationships and highlights the place 



occupied by string theory dualities. 

On the one hand, the basic worldsheet action of a string gives rise to the 
perturbative formulation of string theory. Some information regarding the non- 
perturbative states (D-branes) can be extracted from the worldsheet formalism 
as well. On the other hand, low energy effective theories also arise from the 
worldsheet theory, as mentioned above. String theory dualities enter the scene 
as one turns to the interplay between the two: the common interpretation is 
that string dualities are reflected by the global symmetries of the correspond- 
ing low energy effective theories [3|, or by the symmetries between distinct low 
energy theories. Historically this interpretation was established by moving from 
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worldsheet theory 




dualities 



Figure 1.1: Relations between the worldsheet actions, string theory, and effective 
theory. 



the right to the left on the above scheme (along the ^ arrow). For example, 
T-duality [10] , which is arguably the oldest string duality known, was originally 
discovered as a symmetry of the effective potential for the compactification radius 
in the toroidal compactification with respect to the inversion i? — )■ ^ [lH [12] . 
It was soon realized that this radial inversion Z2 symmetry is in fact embed- 
ded into a larger 0{d,d; Z) group for string theory compactified on a torus T*^ 

[El [la nails]. 

T-duality holds order by order in string perturbation theory: as we will see, 
the string coupling is just scaled under this transformation, g'^ o: Qs- One can 
derive T-duality from the worldsheet approach to string theory (i.e. going in 
the y/ direction on the scheme 1.1[ ), and it is the existence of well-developed 
worldsheet technique for T-duality (so-called Buscher procedure [171 [THl [IS] , to 
be reviewed later) that has made possible the discovery of fermionic T-duality, 
which is the main subject of this thesis. 

Alternatively, evading worldsheet approach, one can conjecture that T-duality 
is in fact the symmetry not only of the effective action, but also of string theory 
by following the aforementioned logic: to an effective action symmetry may 
correspond a string theory duality. This logic is represented by the horizontal 
^ arrow on Fig jl.l[ Such logic is possible due to the perturbative nature of T- 
duality: one can observe it in the perturbative string spectrum. This approach 
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is hindered in the case of nonperturbative duahties, that generally go by the 
name S-dualities. These are characterized by the fact that they relate weakly 
and strongly coupled regimes, g'^ oc g~^. The prototypical example of S-duality, 
already displaying the characteristic SL(2, IR) symmetry group, was found in the 
effective theory of the heterotic string compactified to four dimensions [201 Ell [22] 
(which is just d = 4 Af = 4 supergravity) . The same symmetry group, and the 
same inversion of the string coupling also appear in the effective theory of type 
JIB superstring, d = 10 Af = 2 supergravity (type IIB) [231 El]. The SL(2, R) 
S-duality group in this case has an M-theoretic explanation as a modular group 
of the torus in a compactification of M-theory (this is due to the fact that 
this compactification is dual to a circle compactification of IIB superstring). 

M-theory arguments play a crucial role in the unification of T- and S-dualities. 
For type II theories, T- and S-dualities are in fact subgroups of bigger nonpertur- 
bative duahty groups, called U-duahties [3]. These also contain transformations, 
that are neither T- nor S-dualities. Studying the global supergravity symmetries 
that correspond to nonperturbative string dualities in general can give us some 
hints to the nonperturbative spectrum of string theory (this again corresponds 



to proceeding along the ^ in the figure 1.1). Worldsheet approach to string 
theory is of little use in this case, as it is essentially perturbative. However, it 
may be possible to find the worldvolume motivation for U-dualities in M-theory 
framework. Some low-dimensional U-duality groups have been reproduced start- 
ing from the M2-brane worldvolume theory [25]. Developments related to this 
are reviewed in the last chapter of the thesis. 

Fermionic T-duality, to which most of the thesis is devoted, is a new non- 
perturbative symmetry, which so far has been formulated for type II superstring 
theories. It has been discovered by extending the worldsheet techniques of stan- 
dard T-duality to the superspace setup. Fermionic T-duality is only valid at 
tree level in string perturbation theory, and is in this sense nonperturbative (al- 
though the behaviour of the string coupling is qualitatively the same as in the 
case of perturbative bosonic T-duality, g'^ oc gs)- Most of this thesis will be 



devoted to following the — > arrow on the figure 1.1, in order to study the impli- 
cations of fermionic T-duality for type II supergravities. From the supergravity 
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point of view the transformation looks rather strange and has many unexpected 
consequences. 

1.1.1 Structure of thesis 

In the remaining sections of this introductory chapter we review the way 
in which effective field theories emerge from string theory, briefly describe the 
bosonic field content and the actions of d = 10 supergravities, and overview 
the derivation of traditional, bosonic T-duality. This is done mainly in the 
worldsheet approach (so called Buscher's procedure), but a general overview of 
the perturbative spectrum symmetry is also given. 

Chapter |2] provides a thorough introduction into the derivation, properties 
and some of the applications of fermionic T-duality. We derive the transforma- 
tions of the supergravity background fields by means of the fermionic general- 
ization of the Buscher's procedure. As this is accomplished in the pure spinor 
formalism for the worldsheet superstring action, a brief review of the formalism 
is included. 

In chapter [3] we apply the fermionic T-duality transformation to the Dl- 
brane and pp-wave backgrounds of type IIB supergravity and discuss various 
properties of the transformed solutions. The pp-wave is shown to be self-dual 
under a certain combination of dualities, and some other combination is shown 
to be equivalent to a geometric transformation of the pp-wave background. 

Following this, in chapter |4] we consider the action of combined bosonic and 
fermionic T-dualities on the AdS^ x CP^ background of type IIA supergravity. 
This is done in pursuit of a so far unsolved problem of current interest in the field 
of gauge theory scattering amplitudes. The set of T-dualities was expected 
to produce self-duahty of the background based on AdS/CFT considerations, but 
is shown to fail due to degeneracy of the transformation. We discuss the possible 
ways out and comment on some of the explanations found in the literature. 

Finally, we turn to the issues of worldvolume derivation of some U-duality 
aspects. Using the generalized geometry approach, in chapter |5] we derive the 
generalized metric description of Dl-brane in type IIB superstring theory. This 
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is proposed as a building block for the ultimate goal of reformulation of type II 
supergravity in a U-duality covariant manner. 

We conclude (chapter |6]) with an overview of achievements presented in the 
main body of the thesis and discuss some possible ways to extend this work. 
There are several appendices (|A| |B| [C| [D]) with technical details and conventions 
relevant to various parts of the thesis. 



1.2 Supergravity 

Since in this thesis we will be considering fermionic T-duality within the 
supergravity approximation to string theory, let us look at how does supergravity 
arise from sting theory. Dynamics of a bosonic string is encoded in the Polyakov 
action 

^^aL^J d'^V^h'^^daX^'d^x'^gmnix), (1.1) 

where the functions x"*(.^) describe the spacetime embedding of the string world- 
sheet, which is parameterized by the two coordinates = (t, a), and /i"^ is an 
auxilliary worldsheet metric. This theory is nonlinear (commonly referred to as 
a nonlinar sigma-model for historical reasons) because of the spacetime depen- 
dence of the background metric gmn{x)- The action has the only dimensionful 
parameter a', which is a square of the fundamental string scale. Using the sym- 
metries of the action one can fix the conformal gauge \/—hh^^ = 5°"^ . In order 



to study theory (1.1) perturbatively, consider quantum fluctuations around a 



classical solution xq[^) |27], so that 

X™ = + v^y'", (1.2) 

where y"^ ^ 1 are dimensionless fields. Expanding the integrand in a series 
around xq 

gmn{x)daX"'d(sX'' = «' gmn{Xo) + Vo'fl'mn.r (2:0)?/'' + 

1 1 (1-3) 

+ a'-9mn,rs{xo)y''y' + ... day'^df^y'' 
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we see explicitly the infinite series of coulping constants for the vertices with 
ever-increasing number of fields y"^{C,) in each. If we introduce a characteristic 
curvature radius Rc that controls the spacetime variation of the metric according 
to 

then it is obvious that the effective dimensionless coupling that controls the 



expansion (1.3) is 



One can study the theory ( 1.1 ) perturbatively for big curvature radii, Rc ^ v a'. 



In this very limit it is also appropriate to restrict the choice of possible sigma- 



model couplings in (1.1 ) to massless fields only (since for big enough wavelengths 
massive states are not excited), and to neglect the finite string size, studying a 
low energy effective field theory. This field theory is the theory of supergravity. 

The supergravity action can be obtained from string theory by requiring 
that conformal symmetry is kept at a quantum level [281 129]. To this end, 
one considers the beta-functions of the quantum string theory and imposes that 
they vanish, so that no renormalization scale is introduced. This leads to the 
constraints for the sigma-model couplings, which can also be thought of as the 
field equations for the background fields (the spacetime metric gmn in the above 
example). One then reconstructs a spacetime action for the background fields, 
which would lead to these equations. If the beta-functions have been computed 
at one-loop order in the a'-perturbation theory, then one talks of supergravity 
effective action; higher order corrections to the beta-functions correspond to the 
stringy corrections to supergravity (which are of course higher order in a'). 



The one-loop order beta-functions for the theory (1.1) with the only back- 
ground field gmn are given by 

/3^mn = C^'Rmn + 0{a'^), (1.6) 

which obviously gives us the vacuum Einstein equations. If one includes the 
other two massless bosonic string fields, the antisymmetric gauge field potential 
bmn and the dilaton 0, the beta-functions give the field equations of the Einstein 
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theory coupled to the dilaton and bmn as matter fields [29l [27] : 



5 = ^1 d'x^\e-''f' 



[1.7) 



where d = 26 in the case of bosonic string, and d = 10 for the superstring. 3-form 
H is just the field strength of the Neveu-Schwarz potential H = db with some 



modifications in the heterotic superstring case. The action (1.7) represents the 
dynamics of a common supergravity sector; it arises in the low energy limit of 
any type of superstring theory, which all have a common Neveu-Schwarz-Neveu- 
Schwarz (NSNS) sector: gmn, bmn, and 0. Field content of this sector is the 
same as that of the bosonic string. If we consider the beta-functions for all the 
background fields of a superstring, then of course there will be more equations 
of motion and corresponding extra terms in the effective action. The extra fields 
are either gauge potentials from the Ramond-Ramond (RR) sector in type II 
theories, or nonabelian gauge fields for heterotic string theories. Coupling of the 
latter to H comprises the difference between H and H (see below for the details). 

We will now give a brief overview of different d = 10 supergravity actions 
. The actions naturally decompose into a sum of the action for the com- 



mon sector (1.7), the action for extra theory-specific bosonic fields, and finally 
the action for massless fermions. Omitting the fermionic parts of the actions, 
we will only look at the theory-specific bosonic contributions. For the practical 
applications in this thesis we will need the actions and field equations of type II 
theories, so let us begin with these. 



Type IIA. H in the NSNS part of the action ([L7|) is just H = H = db in 
this case. The RR field potentials are a 1-form Cm and a 3-form Cmnr] we 
denote their 2- and 4-form field strengths as F2 and F4. Their action that 



one needs to add to (1.7) is 



4^2 / ^(2) /\^(4) AF(4). 



The modified RR 4-form field strength is F(4) = dC^s) — C(i) A -f^(3). 
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Type IIB. Again H = H with no modification. The RR field content is 
C(o), C(2), and C(4), such that the modified field strength of the latter is self 



^(0),^(2), 

dual, F(5) 



-kFi^). The extra terms in the action are given by 



4^2 



d^°x^/\g\ 



with the modified RR field strengths being 



— I C(4) A //(3) A F(4), 

(1.9) 



(3) 



^(5) 



(2) 



C(0) A -ff(3), 



dC(^4) - -C(2) A if (3) 



1 



6(2) A Fi 



(3)- 



;i.io) 



Note that the self-duality of F(5) field strength does not follow from the 
action and needs to be imposed independently. 

In the appendix |X] one can find a more detailed account of type IIB super- 
gravity conventions together with the field equations, as this will be used 
later on in the chapter [3j 

Heterotic. In the two heterotic theories there are no RR fields, and the 
only massless bosonic field not from the common sector is the gauge field 
strength F(2), taking values in the Lie algebra of either SO (32) or Eg x Eg 
(which are the gauge groups of the two heterotic theories). One should 



supplement the action of the common sector (1.7) with the standard Yang- 



Mills action for Fi 



(2), 



;i.ii) 



It is the heterotic supergravity case where the NSNS 2-form field strength 
gets modified in the common sector action (1.7): H = dh 



ju, where the 



3-form u is the Chern-Simons form for the gauge potential A of F(2), 



u = Ti\AAdA+-AAAAA 



;i.i2) 
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1.3 Bosonic T-duality 

T-duality is one of the remarkable features of string theory [TU] . It is a map 
between different string backgrounds that leaves the partition function of the 
string sigma model invariant. From the point of view of the worldsheet theory 
one may interpret it as an abelian two-dimensional S-duality: as will be shown 
shortly, the most characteristic T-duality transformation consists of inverting the 
spacetime metric component, which acts as a coupling in the worldsheet theory: 



From the spacetime viewpoint T-duality is somewhat mysterious since it pro- 
vides an equivalence between completely different geometries. A key apphcation 
of T-duality is to use this symmetry as a solution generating mechanism in 
supergravity [21] where one begins with a particular solution and then through 
application of the T-duality rules produces a new set of solutions. This technique 
has proved particularly useful in constructing solutions deformed by NS flux such 
as for the gravity duals of noncommutative theories [321 |33l |3l], beta-deformed 
Yang-Mills [35] and so-called dipole deformed theories [36] (similar techniques 
have also been used for deformation of M-theory geometries [37]). 

1.3.1 Radial inversion symmetry 

Let us now give a more detailed account of the traditional bosonic T-duality, 
which will serve as a preparation to the overview of the fermionic version in 
the chapter |2} There exist several alternative ways leading to the duality laws. 
Perhaps the most straightforward and simple one is to consider a closed bosonic 
string in x IR^'^^ spacetime (i.e. a compactification on a circle of radius R) 
and find its energy spectrum. Simple calculation [3S1 EH] shows that the masses 
of the quantum states take the values 



9u ^9ii- 



(1.13) 




(1.14) 
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where and are the number operators for left and right-moving oscilla- 
tion modes of the string. The possibility that the string centre of mass may 
have momentum in the compactified direction leads to the appearance of the 
Kaluza-Klein contribution to mass squared, which is governed by the Kaluza- 
Klein momentum quantum number m. This effect is common to the standard 
Kaluza-Klein theory of a relativistic particle, as opposed to the possibility of 
winding on the compactification circle, which is only possible in the case of a 
string. The potential energy of a wound string also contributes to the total 
energy, and this contribution is controlled by the winding mode n. 



One can immediately notice that the mass squared (1.14) is invariant under 
the Z2 transformation 



a' 



m-^ n, R-H- (1-15) 
R 

which is the famous compactification radius inversion symmetry. This transfor- 
mation has a clear physical meaning: in the decompactification limit R ^ 00 the 
spectrum of Kaluza-Klein states becomes continuous, while the winding modes 
get infinitely heavy and cannot be excited. In the opposite limit i? — )■ the situa- 
tion is reversed, with the momentum modes becoming heavy and winding modes 
tending to a continuum. The two strings compactified on circles of T-dual radii 
R and ^ thus have identical spectra, with the roles of winding and Kaluza-Klein 
momentum reversed. Note that there exists the self-dual compactification radius 
i?o = V^, which coincides with the string scale. This motivates the intuitively 
natural idea that strings may only be useful in probing distances bigger than the 
string scale. 

Furthermore, one can consider the full string theory partition function, which 
includes contributions from worldsheets of all genera. In this way it can be 
shown that the spectra of T-dual theories coincide at any order of the string 
perturbation theory [10] . We will not review this derivation here since it is 
irrelevant to fermionic T-duality: as will be shown in the chapter |2j the latter is 
only a symmetry of tree-level string theory. 

Finally, T-duality may be viewed as a canonical transformation in phase 
space. A simple change of variables in the Hamiltonian formalism for the string 
sigma-model leaves the Hamiltonian invariant, if one transforms the background 
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fields according to the T-duality rules. This approach, first proposed in HT] , 
has been recently extended to include fermionic T-duality [l2l |13] . 

We will now concentrate on the most traditional approach to T-duality, for- 
mulated in [T71 [m [19] , which we will use later to derive fermionic T-duality. 

1.3.2 Buscher's procedure 

Although classical in essence, Buscher's approach to T-duality can be easily 
incorporated into the path integral treatment of the quantum string. As a start- 
ing point we take the Polyakov action of a bosonic string in conformal gauge 

S= jd^Z [gmn{x) + brnnix)] dx^'dx''. (1.16) 

This is written in terms of complex worldsheet coordinate z = :^(t + icr). The 
spacetime metric tensor Qmn and its antisymmetric counterpart bmn play the role 
of the sigma-model coupling constants. 

Assume that the background is invariant under shifts generated by a space- 
time vector field k'^{x). This means, that /c™ is a Killing vector 

V^fc, + V„/c„ = 0, (1.17) 

and that Lie derivatives of any other background fields (such as the field strength 
of bmn) with respect to k"^ vanish. After choosing coordinates i > 1 in 

such a way that the symmetry acts by shifting the action may be rewritten 

as 

S' = j dh [giiAA + luAdx' + kidx'A + kjdx'dx^ + x^{dA - dA)] , (1.18) 

where Imn = Qmn + bmni and the background fields are independent of x^ . We 
have also made a replacement 

{dx^ ,dx^) {A, A) (1.19) 
where {A, A) is an auxilliary worldsheet vector field. This replacement may be 
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interpreted [10] as gauging the shift symmetry of the original sigma-model by a 
minimal coupling to the gauge field A: 



dx^ Dx^ = dx^ + A. 



1.20) 



The last term in (1.18) imposes the constraint F = dA = via the field 
equation of the Lagrange multiplier x^. This constraint can be solved (on a 
topologically trivial worldsheet) by setting A to a differential of a scalar. This has 



the effect of reversing the arrow in ( 1.19 ), and one recovers the initial sigma-model 



(1.16). On the other hand, eliminating the gauge field via its field equations 



A = g^l [dx^ - k,dx') , 
A = -g^^^ {dx^ + hidx') 



(1.21) 



one obtains the dual theory whose action 



S" 



9mn{x) + K 



[X 



(1.22) 



is written in terms of the coordinates {y"^} = {x The Lagrange multiplier 



from (1.18) acts as a dual coordinate, and the dual theory is again isometric in 
the x} direction. The dual background fields are related to the original ones by: 



5-11 = {gii) , gii = (gu) bu, bu = -{gn) gu, 

gij = gij - (gn) {gngij + hibij), kj = kj - (gu) {gabij + biigij). 



This procedure may also be carried out in a covariant manner, without going 
to the adapted coordinate system. The expressions for the dual background fields 
are then written in terms of the Killing vector field /c™ [H]. Furthermore, at a 
quantum level the above manipulations are carried out in the same manner. One 
eliminates the gauge field A by completing the square with respect to A in the 
path integral 

J VAVAVx'Vx^e-^'^^'^^^^ (1.24) 



and performing Gaussian integral. The result is of course the same (1.23), but 
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integration over the vector field brings in a Jacobian factor in tlie patli integral, 
which is interpreted as a rescaling of the string coupling, i.e. the shift of the 
dilaton [ig SSI HZ] : 

= ^ log ^711 (1.25) 

(assuming that the dilaton coupling has been included in the original action by 
means of the Fradkin-Tseytlin term [S]). This transformation of the dilaton 
agrees with the result of the partition function approach to the duality transfor- 
mation [in]. It should be noted, however, that subtleties arise in the path integral 
treatment if the string background is not conformally invariant: one would need 
to define the path integral carefully to take care of the renormalization of the 



metric and other sigma- model couplings according to (1.6), to include the higher 
order a' corrections. 

There are subtleties in proving that the Buscher's procedure holds on the 
worldsheets of higher genera [IHl ID]. We will review this later in the context 
of fermionic T-duality transformation, where it prevents one from extending the 
duality beyond tree level in string perturbation theory. 

In this overview we have completely omitted the aspects of T-duality that 
are specific to the superstring theory (as opposed to the bosonic string). Most 
importantly, this refers to the transformation laws of RR and fermionic fields. 
Treatment of the superstring case reveals that the chirality of one of the super- 
symmetry generators is reversed by T-duality, which thus maps type IIA and 
IIB string theories to one another, with the corresponding interchange between 
the D-branes of the two theories. Several alternative derivations of the T-duality 
transformation of RR fields have appeared |2H |50l [511 [52], |53l \5^ . 
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CHAPTER 2 

INTRODUCTION TO FERMIONIC 

T-DUALITY 

2.1 Overview 

Bosonic T-duality is crucial in establishing the connection between the differ- 
ent branes of type II string theory and has been a central pillar in string duality 
for many years. It relies on using an isometry of the background to generate the 
T-duality transformation. 

Fermionic T-duality is a tree-level symmetry of type II string theory that can 
be viewed as extending this idea to the superspace setup. If one has a Green- 
Schwarz-type sigma-model that describes the embedding of a string worldsheet 
in type II superspace, then a fermionic analog of the classic Buscher procedure 
can be carried out, resulting in the redefinition of the sigma-model couplings. 
The necessary condition for the duality is that the background preserves a su- 
persymmetry, parameterized by some Killing spinors (e, e) (we are considering 
an M = 2 theory, hence a couple of supersymmetry parameters) that generate 
an Abelian subgroup of the symmetry supergroup. 

Initially the fermionic T-duality transformation was introduced as an ingre- 
dient of string theory interpretation of the amplitude/ Wilson loop correspon- 
dence, which is a symmetry of the scattering amplitudes in TV = 4 supersym- 
metric Yang-Mills theory. From string theory point of view, this correspondence 
(together with closely related dual superconformal invariance of = 4 SYM) 
manifests itself as self-duality of the AdS^ x background under a certain set 
of T-duality transformations that map a string configuration corresponding to 
an amplitude to a configuration corresponding to a Wilson loop [55]. It was 
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required to supplement the bosonic T-dualities employed in [55j with fermionic 
ones in order to achieve the exact self-duality [561 157] . 

Let us note various aspects of this transformation. Firstly, it is not a full 
symmetry of string theory like bosonic T-duality since it is broken at one loop in 
Qg. This is because of the presence of fermionic zero modes in the path integral 
over topologically nontrivial worldsheets, which make the path integral vanish. 
It is interesting to consider if one could extend the duality beyond tree level by 
soaking up these zero modes and making sense of such a path integral including 
the fermionic insertion. Some of the quantum aspects of fermionic T-duality 
have been considered recently in [58] . 

The background field transformation laws that results from the fermionic 
Buscher procedure are quite different from the ordinary T-duality transforma- 
tion. In fact the entire NSNS sector is not modified, except for the dilaton that 
gets an additive contribution 



where C is determined by the Killing spinors (e, e) that parameterize the fermionic 
isometries. This transformation law is very similar to the way dilaton changes 
under ordinary T-duality, but the sign of the logarithm term is opposite. This 
difference turns out to be crucial in establishing self-duality of the AdS^ x 
background, which was the original motivation for developing the formalism of 
fermionic T-duality. As for the bosonic fields of the RR sector, their transforma- 
tion can be written concisely in terms of the bispinor F"^: 



The bispinor F"^ is formed by contracting all the RR forms of the theory with 
appropriate antisymmetrized products of gamma-matrices. We will show how 
these formulae can be derived later in this chapter. 

An important feature of the fermionic T-duality transformation is that it can 
only be done with complexified Killing spinors, which means that the resulting 
target space background will generically be a solution to complexified super- 



0' = 0+-logC, 



(2.1) 



(2.2) 
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gravity, as we will demonstrate explicitly in chapter |3} Paper [59] deals with 
the extension of fermionic T-duality to a larger class of fermionic symmetries in 
supergravity, which also include some real transformations. 

A crucial ingredient in the proper theoretical understanding of fermionic T- 
duality would be to formulate it as a group symmetry [20], in analogy with the 
0{d, d) group representation of the ordinary T-duality. 

Some applications of fermionic T-duality to spacetime noncommutativity 
have appeared recently [61], |62] . 

2.2 Fermionic Buscher's procedure 

In this section we will review in detail the fermionic T-duality transformation 
procedure formulated in [56] . To begin with, one needs a spacetime supersym- 
metric sigma-model describing a string propagating in superspace with coordi- 
nates {x"^,d°'), where are bosonic and 6'" fermionic coordinates. We assume 
that the worldsheet action is invariant under the shifts of a particular fermionic 
coordinate 6^ by a constant fermionic parameter p: 

e^^e^ + p, x'^^x"', r^r (a^i). (2.3) 

Such invariance implies that 6^ enters the action only in the form of derivatives. 
Without specifying a particular form of the action (such as Green-Schwarz or 
pure spinor action), we can represent it in the following prototypical form: 

S= [ d^z \Bu{Z)d9'd9' + LiMdO^BZ^ + LMi{Z)dZ^de^ 

J (2.4) 

+LMN{Z)dZ'"dZ''] , 

where Z^ = {x'^,6°'), a ^ 1, and the sigma-model couplings form a superfield 
Lmn{Z) = Gmn{Z) + Bmn{Z). The summands are a graded symmetric and a 
graded antisymmetric tensors, respectively: 

Gmn = {—)^^Gnm, Bmn = —{—)^^Bnm-, (2.5) 
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— 1 M, fermionic, 
+1 otherwise, 

and they contain all the background fields as their components. 



In the superspace formulation the shift (2.3) is seen as being generated by 
the supercharges for a particular choice of the fermionic displacement (which 
is essentially the supersymmetry parameter) e° = p6°'^: 

expieQ: (x"^, r) ^ (a;™ - ^7™e, ^ + e"). (2.6) 

This very transformation, when acting upon the superfield Lmn, is known to 
generate the supersymmetry transformations of the component fields with a su- 
persymmetry parameter (Killing spinor) e" [631 El] ■ We can therefore think of 
a supergravity background, given by some solution of the field equations for the 
component fields of Lmn, such as those presented in the appendix [A], with the 
corresponding Killing spinors e°. Such a setup would be a starting point for the 
fermionic analog of the Buscher procedure, and for the corresponding fermionic 
T-duality transformation. 

Note that in the above we have assumed that the supersymmetry acts by 



simple shifts in a certain fermionic direction in superspace (2.3), which means 
that the Killing spinor is constant. However, this is not the case for most non- 
trivial supergravity backgrounds. In order to fully justify the above derivation 
one needs to provide a proof that such 'adapted' superspace coordinates can be 
chosen for a more complicated Killing spinor as well. Alternatively, a fermionic 
Buscher procedure needs to be carried out with a generic Killing spinor, in the 
same way as an arbitrary Killing vector has been used to derive the bosonic 
T-duality transformation in [¥5] . 



For a nonzero Bn in (2.4) we can use the Buscher procedure to T-dualize the 
fermionic direction 6^ in a manner identical to the case of ordinary T-duality (as 
demonstrated in the previous chapter [T]). We introduce two extra worldvolume 
fields: a vector field {A, A) and a scalar 9^. The latter acts as a Lagrange 



23 



Introduction to ferniionic T-duality 



multiplier enforcing that the field strenght of A vanishes: 

S' = J [Bu{Z)AA + LimABZ^' + LMi{Z)dZ''^A 
+LMN{Z)dZ^dZ^ + e\dA - BA)] , 



(2.7) 



where we have also replaced the derivatives of 9^ with the vector field, as in the 
bosonic case. This clearly requires that A is fermionic. 

Integrating out the Lagrange multiplier we establish the equivalence of S' 
and 5*, because on a topologically trivial Riemann surface dA = implies that 
A = dO^ (by topologically trivial we mean that no non-trivial non-contractible 
cycles exist on a surface, so that this refers to tree level in string perturbation 
theory). Treating worldsheets of higher genera is more subtle, as in the bosonic 
case, but the resolution here is problematic, leading to the fermionic T-duality 
being ill-defined beyond tree level in string coupling. This will be discussed 
separately below. 

We can instead integrate out the fermionic vector field A, which will produce 



the same sigma-model as in (2.4), but with the dual fermionic coordinate — )■ 9^: 

S" = [ d^z \B[^{Z)d9^d9' + L\Md9^dZ'"' + L'^.^^{Z)dZ^'d9^ 

J L (2.8) 

and with fermionic T-dual couplings: 



B'li = -(-Bii) \ i^iM = (Bn) ^LiM, L\,n = (-Bn) 



Ml 



^'mn — Lmn — [Bii) LinLim- 



(2.9) 



These formulae look much like the ordinary T-duality transformation (1.23), but 
they are now written for the superfields rather than just for the metric and the 
6-field. The transformation will thus look quite different when rewritten in terms 
of the component fields. This of course depends crucially on a particular sigma- 
model action one works with, and in a further subsection we will do this for the 
pure spinor superstring. 

Several important distinctions from the bosonic T-duality case arise due to 
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the fermionic nature of the auxilhary vector field and the coordinate being du- 
ahzed. Firstly, the transformation of the dilaton now emerges with an opposite 
sign: 

(f)' = (f)+^hg{Bn)\e=o (2.10) 



(compare to (1.25)). This is a crucial point that makes the self-duality of the 
AdS^ X background possible, which was the original motivation to introduce 
the fermionic T-duality transformation. One has the dilaton shifts coming from a 
series of bosonic T-dualities cancelling precisely with those coming from fermionic 
T-dualities [56l [57] . 

Secondly, there is an important sign difference in the equations of motion for 



A that follow from (2.7): 



86^ = BuA + LmiOZ^, 

(2.11) 

Be^ = BuA - (-1)^(*^)Lim5Z^', 

where the sign exponent s{M) is zero when M is a bosonic index and one if it is 
fermionic. If one makes the substitutions A = d6^, A = 89^ in these equations, 
then it is easy to see that there is no relative minus sign between 80^ I8Q^ and 
89^/89^, as opposed to the case of bosonic T-duality, where one has 

8x^ = qu8x^ + lii8x\ 

(2.12) 

8x^ = —gu8x^ — lii8x'^ 



(see (1.21)). After we specialize to the pure spinor string action in the next 
section, we will see the important implications of this sign mismatch. Namely, 
it implies that in contrast to bosonic T-duality the fermionic version does not 
interchange type IIA and type IIB theories, and does not affect the D-brane 
dimensions. 

2.3 Fermionic T-duality in pure spinor formalism 

The choice of the pure spinor superstring action to derive the fermionic T- 
duality rules of type II supergravity is due to two simplifications that this choice 
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leads to, despite the apparent complexity of the pure spinor action itself. Firstly, 
as we shall see shortly, the pure spinor action includes all the supergravity back- 
ground fields in an explicit manner, as opposed to the Green-Schwarz formalism, 
where for example only the bosonic components of the supervielbein are present, 
and one has to invoke the supergravity constraints in order to derive the dual- 
ity transformations of the fermionic part as well. Furthermore, the pure spinor 
formulation possesses BRST symmetry generated by the operators 

Q = j dzX^da,, Q = j dz\^d&, (2.13) 

and it is known that nilpotency and (anti)holomorphicity of these operators 
imply the superspace equations of motion of the background superfields [65]. As 
we shall see, the form of the BRST operators does not change under the duality 
transformation, which means that the transformed background is still on-shell. 

The pure spinor action of type II superstring in a curved supergravity back- 
ground is written in terms of the R^^\^^ superspace coordinates Z^'^ = (a;"*, 6'", ^"), 
where 9°" and 9°" denote the S0(9, 1) Majorana-Weyl spinors of opposite chiral- 
ities for type IIA or of the same chirality for type IIB supergravity. There are 
also extra worldvolume fields {da, A",Wq,) and {ds^, A", w^), holomorphic and an- 



tiholomorphic, respectively, which not only define the BRST operators (2.13), 
but also appear in the action explicitly. In the simpler flat superspace formula- 
tion da and da were representing the sypersymmetric Green-Schwarz constraints 
satisfied by {pa,P&), the conjugate momenta for spinorial coordinates {9°', 9°"): 

da=Pa- \lap9^dXm ' ^T^/jT^n.^^'^^^^^', (2-14) 

and similarly for da. Nowever, now that we are in a curved background, [da, da) 
are independent fermionic worldvolume fields. {X°',Wa) and {X'^,Wa) are bosonic 
ghosts, subject to the pure spinor constraints A°7^A^ = 0, and similarly for 
Wa, A", and Wa- A and w are canonically conjugate variables. With this set of 
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worldvolume fields, the action takes the form 

1 '.p. 



2TTa' 



(2.15) 



As before, Lmn stands for the sum of graded-symmetric and graded-antisymmetric 
tensors Gmn and Bmn, which have the metric and the 6-field as their lowest- 
order component fields in the [6, 6')-expansion. The superfield P"^ takes care of 
the RR fluxes: 



16 



(2.16a) 



IIA 



m 



J (^rnim2\al3 rp , ( mi...m4\a(3 rp 

^ r,\ I ) m\m2 ~ At\l ) nil 



4! 



.m4 ; 



(2.16b) 



F?L = il'^r^F^ + l^ {l"'''^''^T^F^.m2m:, + H^ il^T^ F^^,„^^ . (2.16c) 



The numerical coefficient in (2.16a) may be different depending on the super- 



gravity conventions. In the above formulae S0(8) (16 x 16) gamma-matrices are 



used, see appendix B.l The scalar m in (2.16b) is Romans' mass parameter. 



In fact, these expressions are only correct for backgrounds with trivial NSNS 
2-form. If there is a nontrivial 6-field, then instead of just the RR field strengths 
one should use the modified RR field strengths that are invariant under the su- 



pergravity gauge transformations as given in (A.6). This correction is beyond the 



first order in component fields and thus was omitted from the original derivation. 

E'^.j and E^^ are parts of supervielbein, containing ordinary vielbein and (for 
M spinorial) = 2 = 10 gravitinos ipmy V^m- The 6 = 6 = components of 
Q, C, and S are, respectively, the spin connection mixed with NSNS three-form 
H = db, gravitino field strengths, and Riemann tensor again mixed with H. For 
details of the pure spinor formalism see [66l EZl EU 169] . 
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Starting with the action (2.15) we can carry out Buscher procedure as de- 



scribed in the previous section, effectively replacing the fermionic isometry coor- 
dinate 6^ with dual 6^, and all the background superfields with their fermionic 
T-duals. The dual fields B[^, L[j^,j, L'^^j^, L\^j^, $' are the same as in the example 



of the previous section (2.9), (2.10), and for the rest of the superfields that are 



present in (2.15) we get: 



rpia rpa { r) \ — 1 r rpa rpia rpa { r) \ — l rpa j 



(2.17) 



etc. (for the complete list of background superfield transformations, as well 
as the proof that the supersymmetry is preserved see [SS])- The supervielbein 
index 1 in these formulae is spinorial, corresponding to the isometry coordinate 
9^. Taking 9 = 9 = components one can establish that fermionic T-duality 
transformation leaves invariant the NSNS tensor fields Qmn and hmn- What does 
transform are the RR fluxes and, of course, the dilaton: 



16 16 



(2.18) 



The dilaton transformation law comes about in precisely the same manner as 



(2.10), while the RR bispinor transformation is encoded in the first of the equa- 



tions (2.17). We denote 



C = Bu Ig^g^o, (e", e°) = (E", E") 



\e=e=o- 



(2.19) 



Furthermore, the superspace torsion constraints help to find an expression for C 
in terms of e", e'^ 



dmC = i (e Tme - e T^e) 




(ec)"(7^)„^e'5 - {ec)a{^mf^e^ 



(2.20) 



The IIA expression can be rewritten concisely in terms of the Majorana spinor 
E = e + e: 



(2.21) 
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The above formulae are written in terms of a Majorana-Weyl representation of 
the S0(l,9) gamma-matrices F'^, such that 




C 



cj 

C°/3 




. (2.22) 



The indices a,/3 here take values 1 ... 16. Different properties of this class of 
representations are considered in ^U\. We use Majorana conjugation for covariant 
spinors ip = ip'^C. More details regarding the spinorial conventions are gathered 



in appendix B.l In particular, in the appendix we introduce the representation 
of the class (2.22), where the charge conjugation matrix C = r°, and c = 1, 



c = —1. The relation (2.20) in such a basis takes the form (for type IIB) 



(2.23) 



In order to clarify the meaning of e",e", which play the role of the parameters 
of the fermionic T-duality transformation, recall that in curved superspace the 
supersymmetry parameters can be written as 



l6»=e=o' 



{E%5Z 



(2.24) 



(rather than just (5^", 56"^) in the flat case). If we take 5Z as in (2.3), then we 



see that the supersymmetry parameters can be written in terms of the lowest- 
order components of the supervielbeins as 



(2.25) 



This leads us to conclude that the parameters e", of the fermionic T-duality 



transformation (2.18) are the Killing spinors of the initial supergravity back- 



ground. This pair of Killing spinors describes a supersymmetry preserved by the 



background, whose existence manifests itself in the shift isometry (2.3). Note 



that the spinors e", are commuting since the dependence on an anticommuta- 
tive parameter p has been made explicit, and that we are talking about a single 
supersymmetry parameterized by a couple e", since it is = 2 supersymmet- 
ric theory. 
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These Killing spinors cannot be arbitrary, though. It is natural to require 
that the isometries being dualized form an abelian subalgebra of the symmetry 
superalgebra of the background, simply to have the result of the transformation 
well-defined. In the case of bosonic T-duality this requirement is obviously trivial 
for a single isometry, since it always commutes with itself. The situation is 
different when we require that multiple supersymmetries that we fermionically T- 
dualize anticommute. In particular, even for a single supersymmetry one should 
require that it squares to zero. Making use of the supersymmetry algebra we 
find the following constraint on the Killing spinors: 







(eQ + = - (er^e + lr™e) P„ 




p 



(2.26) 



Again we can rewrite the IIA expression succinctly as 



Er'"E = 0. 



(2.27) 



In the gamma-matrix representation given in appendix B.l we can write simply 



e7me + e7me = 



(2.28) 



for the case of type IIB theory. We will be using the constraint in this form in 
chapter |3], where the focus will be on IIB supergravity. In the chapter |4], which 



deals with IIA theory, the form (2.27) will be preferred. 



The constraint (2.26) has far-reaching consequences for the duality transfor- 



mation. In the standard representation of the gamma-matrices mentioned above. 



7o is a unit matrix. Therefore for m = (2.28) cannot be satisfied for any real 



spinor. This is the reason why in general fermionic T-duality does not preserve 
the reality of background. 



Strictly speaking, imposing the constraint (2.26) is not necessary for the 



Buscher procedure to hold. One can speculate that whether or not the Killing 
spinor satisfies this constraint may be related to the possibility to introduce the 
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adapted superspace coordinates for a Killing spinor, so that it acts by simple 



shifts (this issue has been discussed above, after the equation (2.6)). 



Note that nonabelian T-duality can be formulated consistently in the bosonic 
case [ZU [721 [731 [SI ESI ■ The corresponding research on fermionic T-duality 
has not appeared yet. It would be interesting to consider such a possibility in 
order to evade the need to complexify the Killing spinor and the background. 



We can now return to the issue mentioned after the equations (2.12) of the 
previous section, namely, that there is an important sign difference between the 
transformations of bosonic and of fermionic T-duality. What in that example 
manifested itself as the same sign of dd^/dO^ and d6^/d6^ is now the coincidence 



of the signs of E'^^ and E'^ in the transformation law (2.17). This is to be 
contrasted with the bosonic T-duality case, where the signs are different (2.12). 
Note that there exists a derivation of bosonic T-duality transformation in the 
pure spinor formalism [54], which shows clearly that in the bosonic case the 
relative minus sign is present in the transformation law of the supervielbein: 

= (Gii)-^Ef, = -{Gu)-^Ef. (2.29) 

Here we assume that a bosonic coordinate has been T-dualized, and the 
corresponding supervielbein index is therefore a 'bosonic 1', not fermionic as in 



(2.17). This difference implies that whereas it is crucial to change the chirality of 
either 6 ot 6 in order to keep the standard supergravity constraints after bosonic 
T-duality has been done, there is no need to do this after fermionic T-duality. 
Thus type IIA and Type IIB string theories are not interchanged under fermionic 
T-duality, and the D-brane dimension is also preserved. For more details of this 
dissimilarity we refer the reader to the original paper [56j . 

Finally let us give a brief discussion of the problems that arise if we try to 
define the fermionic T-duality transformation beyond tree level in string pertur- 
bation theory. As mentioned earlier, strictly speaking, the simplified description 
of the Buscher procedure given above is only valid for the string worldsheets with 
topology of a disk or a sphere. Global aspects of the Buscher procedure become 
important on the worldsheets with handles [HI [721 
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Think of the transition from the intermediate action that relates the two 
bosonic T-dual sigma-models, to the original action, which is achieved by inte- 



grating out the Lagrange multiplier x in (1.18). The main obstacle is that on a 
nontrivial Riemann surface the condition that field strength of a vector F = dA 
is zero does not imply that the 1-form A is exact. Integral curves of the vector 
field may wind around the noncontractible cycles on the worldsheet, with the 
vector field having no well-defined potential. If the original isometry coordinate 
X was compact, then one could only get the correct periodicity in x after in- 
tegrating out X ii A had integer-valued circulations around the noncontractible 
cycles Ca of the Riemann surface 

A = ria, Ua e Z. (2.30) 

Ca 

In this case one can interpret A as differential of a periodic scalar x and the 
original sigma-model is recovered. The integer-valuedness of the circulations of 
A must be imposed by inserting a delta-function (or actually a Dirac comb to 
account for all integer values for f A) in the string path integral 

J]n^(^-= f A =J2expliJ2na(f aV (2.31) 

n a=l ^ "^'^a ^ n \ a=l / 

where the product/sum over a corresponds to taking into account all the nontriv- 
ial cycles Ca on a genus g surface, and we also sum over all possible values of Ua- 
The latter now may be interpreted as the winding modes of the dual coordinate 
X on the cycles Ca- 

X{Z + Ca) = iiz) + Ua. (2.32) 

Note that the dual coordinate is thus non-periodic, and one must include the 
integration over its winding modes in the path integral. 

This discussion applies to the fermionic Buscher procedure with minimal 
modifications that are due to the fact that the fermionic variables cannot be 
compact. This leads to some subtleties in the treatment of the zero modes 
of the fermionic field being dualized [56], even at tree level. On the Riemann 
surfaces of higher genus, however, the procedure is ill-defined because of the 
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presence of an extra ferniionic zero mode pa in the path integral. It can be 
thought of as representing either windings of the dual ferniionic coordinate on 
the noncontractible cycles: 

e{z + Ca) = e{z)+Pa, (2.33) 

or the circulations of the ferniionic vector field around these cycles. 



2.4 Summary 

Ferniionic T-duality is a tree level symmetry of string theory, which preserves 
supersymmetry. It can be carried out with respect to Killing spinors that belong 
to the abelian subalgebra of the symmetry superalgebra. These Killing spinors 
determine the transformed solution as follows. 

Take, e, a Killing spinor that parameterizes an unbroken supersymmetry. It 
is a Majorana-Weyl spinor of (1 + 9)-dimensional spacetime, that is, real with 
sixteen components. Since type II supergravity is an = 2 theory, there is 
also another Killing spinor, which is denoted by e and has the same or different 
chirality as e depending on whether we are in type IIB or type IIA theory. A pair 
e = (e, e) generates one supersymmetry transformation. However, the two spinors 
within the pair are not independent - they are related by the Killing spinor 



equations, and furthermore by the constraint (2.26). This relation cannot hold 
for real spinors, and they must be artificially complexified. This is a characteristic 
property of fermionic T-duality, which leads to complex RR fluxes after the 



transformation. In type IIB we write (2.26) as 



e7me + e7me = 0, (2.34) 

and in type IIA as 

Er'^E = (2.35) 

for a Majorana spinor E = e + e. 



After the choice of the Killing spinors satisfying (2.26) has been made, one 
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calculates an auxilliary scalar field C defined by the differential equation (2.20) 
i.e. 



dmC = «e"(7m)c,/3e^ - «e"(7m)A 



P/9 



for type I IB, and 



for IIA. 



(2.36) 



(2.37) 



Note that by using the constraint (2.34) we can simplify the IIB expression 



dmC = 2ie7^e. 



(2.38) 



The transformation of the dilaton is given by 



(2.39) 



and the transformation of RR fields can be written succinctly in terms of the 
bispinor F°'^: 

(2.40) 



16 16 C - 



In the case when the fermionic T-duality is performed with respect to sev- 
eral supersymmetries, parameterized by the Killing spinors Ei = {ei,ei),i G 



{1, . . . ,n}, the formulae (2.38), (2.39), and (2.40) are generalized to 



(2.41a) 



1 " 



1=1 



16 



''F' = -e'^F-J2{e,®e,){C-': 



I]- 



The set of the Killing spinors must obey 



(2.41b) 



(2.41c) 



(2.42) 
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for al\i,j G {1, . . . , n}. One can strightforwarldy modify the type IIA formulae to 
describe the case of muhiple fermionic T-duahties in a similar manner (essentially 
by promoting C to the matrix- valued function). 
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CHAPTER 3 

EXPLORING FERMIONIC 
T-DUALITY 

3.1 Introduction 

In this chapter we will gain some practical familiarity with the way fermionic 
T-duality works by applying the transformation to several solutions of type IIB 
supergravity. The choice of backgrounds to be transformed shall be dictated by 
the necessity to demonstrate the properties of the fermionic T-duality transfor- 
mation hinted at in the chapter |2j 

As shown there, the transformation leaves invariant the NSNS sector (apart 
from the dilaton shift). Fermionic T-duality is a transformation primarily of the 
RR fields. This really explains the delay in the study of fermionic T-duality; 
deriving the transformations of the RR backgrounds in bosonic T-duality from 
the string worldsheet has only been done recently and required using the pure 
spinor formulation [M]. We will look in detail at the supergravity fields that 
result from applying the fermionic T-duality to the standard backgrounds like a 
D-brane. By doing this one has ample opportunities to get acquainted with all 
sorts of unusual supergravity backgrounds that look like a familiar D-brane with 
respect to the metric and the 6-field, but have very uncommon dilaton and RR 
fields (and are supersymmetric, just as the original D-brane). 

Secondly, because of the requirement that we deal with commuting supersym- 
metries (just as one deals with commuting isometries in ordinary T-duality) it is 
necessary that we deal with complexified Killing spinors and in turn complexified 
RR-fluxes. Thus the transformed background will be a solution of complexified 
supergravity. One open and indeed crucial question is to determine when these 
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transformations map back to a real supergravity solution. In fact, one need not 
map directly to a purely real solution since if there exists a time-like isometry 
(which is almost certain for a supersymmetric solution) then one can do bosonic 
T-duality in the timelike direction. Although timelike compactifications may not 
be a valid feature for a realistic theory, bosonic T-dualities in timelike directions 
are known to relate type II super gravities to perfectly valid type II* theories 
[771 EH] • The transition II — t- II* involves, among other things, a continuation of 
RR fields: 

C{n) — ^ —iC(^n), (3.1) 

SO that all C(„) have wrong signs of their kinetic terms in type II* supergravity 
action. In this sense, one could think of the type II background with purely 
imaginary RR fluxes (which may result from fermionic T-duality) as being the 
type II* background with real fluxes. A timelike T-duality transformation would 
then map it to some real type II background. 

This was precisely the case for the fermionic dual of AdS^ x described 
by Berkovits and Maldacena [HS] where after eight fermionic T-dualities there 
remained some imaginary RR flux. This was then made real by application 
of timelike T-duality. We will see an imaginary RR background appear after 
fermionic T-dualizing the pp-wave background of IIB supergravity. 

In any case, perhaps we should be interested in complexified supergravity in 
its own right. In quantum field theory (such as Yang-Mills) there has been a great 
deal of progress made by complexifying the theory and then using the power of 
complex analysis. This was the origin of the S-matrix programme which has now 
seen something of a revival [791 ESI EHl E] with recent works on amplitude physics 
again relying on an implicit complexification of the theory to achieve results. In 
fact, the motivation for studying fermionic T-duality [561 EZ! was to explain the 
duality between certain amplitudes and Wilson lines in Yang-Mills theory, and 
the relation of the dual superconformal symmetry of scattering amplitudes to 
string theory integrability [82j. Whether we can learn really more about string 
theory per se through complexification of backgrounds has yet to be seen but 
ideas along these lines have appeared before (see for example the discussion in 
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Based on the description of the fermionic T-duahty technique given in the 
chapter [2] we can formulate the following recipe to perform fermionic T-duality 
on a given solution: 

1. Find the Killing spinors of the solution. In IIB supergravity we choose 
to represent these by pairs e = (e, e) of 16-component real spinors of the 
same chirality. This corresponds to the two Majorana-Weyl supersymmetry 
parameters of the theory. 

2. Choose a complex linear combination of the Killing spinors e' = (e', e') 



that satisfies the commutativity condition (2.34). This linear combination 



describes the supersymmetry that we a dualising with respect to. 



3. Calculate the auxilliary function C from (2.38). To do this consistently, one 
should work in world indices (i.e. one should integrate d^C = 2ie' (^e'^lf^ e', 
where is the vielbein, and world indices are underlined to distinguish 
them from flat ones). 

4. If there are any RR fields in the original background, substitute them into 



(2.16c) to calculate the matrix F'^ 



pap = irr^F, + ^(Y'^^>^^r^F,,,,,, + ^^(Y'-^^^r^F,„„,,. (3.2) 
5. Use F"^,e",e^, and C to calculate the transformed RR background F'"'^ 



via (2.40): 



^e^V = ^e*F-^. (3.3) 
16 16 C ^ ' 



6. Use (3.2) again, this time to find the contributions of Fi,F3, and F^ to 



p'afB separately. 

7. Check that the transformed background is a solution to the field equaitons. 



It is obvious that this recipe of doing fermionic T-duality involves a great deal 
of 16 by 16 matrix manipulations. Its practical implementation can be simplified 
greatly by using mathematical software capable of analytic computations. In our 
case we used a simple programme for Mathematica to perform steps 2, 4, 5, and 
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6 automatically. The only nontrivial step in the algorithm is number 6, where 
one starts with a 16 by 16 matrix F', and one needs to find the corresponding 1-, 
3-, and 5-form components. This calculation is done by separating the matrices 



in equation (3.2) into their symmetric and antisymmetric parts. On the left- 



hand side of the equation we have a matrix F', which is the output of (3.3). 
This should be split into symmetric and antisymmetric parts by brute force. 



As to the right-hand side of (3.2), it is naturally separated into symmetric and 
antisymmetric parts. Namely, a single 7-matrix is symmetric, as well as a product 
of five 7-matrices, whereas a triple product is antisymmetric. This can be verified 
explicitly by using the matrix representation given in appendix (Bl 



3.2 Fermionic T-duals of the Dl-brane 

Firstly, we will perform the transformation on the background of a single 
Dl-brane. This will be a simple nontrivial example, which however clearly shows 
that the fermionic T-dual fields are typically complex-valued. One can also 
observe that the transformed background is rather nontrivial, unexpected of a 
supersymmetric solution (recall that supersymmetry is preserved). Next we shall 
consider the pp-wave background, and apply multiple fermionic T-dualities to it 
in order to show other more interesting properies. 

The Dl-brane background has vanishing 5-field, and its nontrivial metric 
is supported by the dilaton and RR 2-form potential. These are given by the 
following [83] : 

e"f' = l+ ,, ^ (3.4) 

(C2)oi = e-^^ - 1; (F3)oi„. = -2e-''^a^0, (3.6) 
and the other RR fields (Cq, C4) vanish everywhere. The notation we use is 

r^ij = diag(-l, 1), i,jG {0,1}, 
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diag(l, 1,1, 1,1, 1,1,1), m,nG{2,...,9}. 



All components of C2 and F3, other than specified in (3.6), are zero. The indices 



in (3.6) are world indices. 



As it is easy to see, the above supergravity background is a solitonic solution 
in the sense that the fields fall off rapidly as one increases the distance r = 



y/SmnX"^x"- froui the string-like core, located at = . . . = = 0, and the metric 
tends to become flat in this limit. This matches with the supergravity background 
being a low-energy approximation to the nonperturbative string theory state (a 
D-brane) . 

The form of the transformed solution depends on the choice of the Killing 
spinor used for the transformation. So a few words about D-brane Killing spinors 
are in order. In this discussion we will closely follow |31J. For a generic supersym- 
metric theory with bosonic fields B and fermionic fields F, the supersymmetry 
transformations with respect to a local parameter e{x) can be written schemat- 
ically as 

6eB = eF, (3.7) 
6,F = de + eB. (3.8) 

This means that for the solutions with only bosonic fields (which is what we 
are interested in) we only need to ensure that the variations of the fermions 
vanish. Requiring this imposes constraints on the supersymmetry parameter, 
which are the Killing spinor equations. In type IIB supergravity there are two 
doublets of fermions (dilatini and gravitini), and their supersymmetry variations 



are given in the appendix (B.9). It is then straightforward to substitute the D- 
brane background fields and solve the Killing spinor equations. As a result, one 
finds that type IIB Dp-branes in general are invariant under the supersymmetry 
transformations parameterized by the spinors that satisfy the following condition: 

(1 ± r^-POp)e = 0, (3.9) 
where Op is an operator that depends on the dimensionality of the brane in 
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question: 

{ai, 2±3 even, 
2 3.10 
za2, 2±3 odd, 

and we have included both possible signs of the D-brane charge. One can check 




that the condition (3.9) is a projection condition that eliminates half of the 
degrees of freedom of the spinor. Thus a IIB D-brane in ten dimensions has 
sixteen unbroken supersymmetries generated by the Killing spinors that satisfy 
the above constraint. This result in fact holds for IIA D-branes as well, since 
in the absence of the NSNS -B-field the supersymmetry variations of the two 
theories are the same (up to the redefinition of Op). 

Confining our attention to the case of Dl-brane we have 



(3.11) 



where e and e are the two chiral Majorana-Weyl spinors that are the supersym- 
metry parameters of type IIB supergravity. This is written in the two-component 
formalism, so that e is just a two-component column vector, not a 32-component 
lOd spinor. For the Dl-brane Oi = ci, so that the Killing spinor constraint takes 
the form 

(i±r»v,).= (;)±(^";)=o. (3.12) 

Taking the minus sign for definitness we see that, for example, we can take e 
to be arbitrary 16-component MW spinor, in which case e = F^^e. 

Technically, the above algebraic constraint on the Killing spinor results from 
the requirement that the supersymmetry variation of the dilatino vanishes. One 
then goes on to consider the variation of the gravitino. Since the variation of 
the gravitino contains derivatives of the supersymmetry parameter, this second 
constraint leads to a differential equation for e. Solving this equation introduces 
coordinate dependence into the Killing spinor (note that so far e and e were 
constant). Thus, it turns out that 

e = e-4eo (3.13) 
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for an arbitrary constant cq, and e = F^^e, as before. The function e'^ has been 



defined in (3.4). 



Using the exphcit reahsation of the gamma-matrices (B.3), we see that cor- 
responding to an arbitrary 



e = (ei, €2, . ..eieY 



(3.14) 



IS 



e — (ei6, — ei5, — ei4, ei3, — ei2, eii, eio, —eg, —^8, e?, ce, —£5, —£3, —£2, eij 

(3.15) 

where the factors of e~i have been omitted for simphcity (^ means transpose, 
so that e and e are columns). Setting all but ei to zero, we get the first basis 
element, which we call ei = (ei, ei). Repeating this process for all of the sixteen 
parameters, we end up with the set of basis elements i G {1, . . . , 16}. 

The next step in our programme is to pick a particular linear combination 



of the Killing spinors, so that it satisfies the condition (2.34). As mentioned 



earlier, this constraint cannot be satisfied by real Killing spinors. We consider 
the simplest possible linear combinations, i.e. those of the form 



e' = ea + isb] a,h e {1, . . . , 16}. 



(3.16) 



Using the explicit form of gamma-matrices (B.3) one can check that (2.34) is 



satisfied by any such combination, apart from those of the form Sa + isn-a for 
any a. 

The result of the fermionic T-duality transformation with respect to e' = 
Ea + %Eh can be of two types depending on the values of a and h\ 

• If (a < 8 and 6 < 8), or (a > 9 and b >9), then the result is of the 'simple' 
type. For this choice of the Killing spinors we find that 



ej^e = = e-ff,e, 



(3.17) 



which means that the auxilliary function C in (2.39) and (2.40) is just a 
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constant. The commutativity condition (2.34) is satisfied trivially in this 



case. The dilaton is shifted by a constant, the RR field components that 



were present in the original background (3.6) are multiplied by a constant 



and several new components of and F5 emerge. 

If (a < 8 and 6 > 9), or (a > 9 and b < 8), then the result is of the 



'comphcated' type. Despite e7^e + e7^e is still zero, as required by (2.34), 
e7^e is nonzero in this case: 

' * ° (3,18) 

e7^e + e7^e = 0. 

This means that C is not a constant (in our examples C will be a linear 
complex-valued function of the coordinates transverse to the brane, see 
below). The dilaton is shifted by a logarithm of this function, the RR 
fields are scaled by a power of it, and some new components of F3 and F5 
appear again, but also the components that were present in the original 



solution (3.6) get additive terms. 



Let us give some explicit examples. As a representative of the class of 'simple' 
fermionic T-duals of Dl-branes we will consider the result of the duality with a 
Killing spinor parameter ei + 162- For a 'complicated' class of backgrounds we 



will use El + isg. In both cases we have the same metric (3.5) and i?-field (zero), 
as in the original Dl-brane solution - this is a general property of fermionic T- 
duality. In the particular case of Dl-brane and for Killing spinor combinations 



of the form (3.16) it turns out that RR scalar is also the same before and after 
the transformation (zero). Shown below are transformed dilaton and the new 
RR fields. 
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3.2.1 'Simple' case 



Taking a = 1, 6 = 2 we see from ( 3.14|3.15 ) that the Kilhng spinor parameter 
of the transformation is 



El + ie2 



{1, i, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} 
{0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, -i, 1} 



(3.19) 



We then get from (2.38) 



d^C = 0, V/i 



C = const. 



(3.20) 



Thus, the dilaton dependence after the duahty is 



c 1 + 



(3.21) 



which is a constant rescahng of the string couphng Qs = e"^. The RR 3-form has 
the components (world indices are used everywhere) 



SjOlm 



(3.22) 



(compare to (3.6)) and eight new constant components 



236 — h -^268 



'1, -^356 — Ij Fi 



568 



237 



1, Fc 



278 — "^5 -^357 



-i F578 = -1 



(3.23) 



There also appear 16 constant components of the self-dual RR 5-form: 



-^02369 — ~h -^02689 
-^02379 ■ 



■1, -^02789 



1) -^03569 — ~1) -^05689 — 
—i, -^03579 = h -^05789 = 1, 



(3.24a) 



-^"14578 — ~h -^13457 — -^12478 — 1) -^12347 — h 

Fu56S = 1; -^13456 = ~h -^12468 = h -^12346 = ~1- 



(3.24b) 



Note that the indices in (3.24a) result from appending and 9 to the indices 



of the 3-form components in (3.23). The components in (3.24b) are required by 
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the self-duality. All the values given in (3.23) and (3.24) must be additionally 
multiplied by 2C-3/2. 

3.2.2 'Complicated' case 

As an example of this type of a transformed background let's take the fol- 
lowing linear combination of Killing spinors: 

[{1,0,0,0,0,0,0,0,2,0,0,0,0,0,0,0} 1 
ei + ieg= { }, (3.25) 

[ {0, 0, 0, 0, 0, 0, 0, -i, 0, 0, 0, 0, 0, 0, 0, 1} J 

from which it follows that 

do,...jC = 0, dsC = -4, dgC = Ai C = Ai{x^ + ix^). (3.26) 

We see that the dilaton is now complex-valued, and does not have its character- 
istic solitonic profile any more: 

^20' ^ ^^2<^ ^ 4^(^9 ^^8^ ( 1 _Q__\ (3.27) 

The RR fields transform similarly to the simple case with one important differ- 
ence: of the eight newly appearing components of the 3-form only six have truly 
new indices: 

-^278 = h -^348 = —h -^568 = —h , . 

\6.Ao) 

F279 = 1, -^349 = —1, -^569 = —1, 

whereas the lacking two appear as additive contributions to the (01m) compo- 
nents that were already present before the transformation: 

F012 = -2C-i/2g-2<^520, ... , F017 = -2C-i/2e-2<^970, 

F018 = -2C-i/2g~2<^ ^Q^^ _ ^-1^) ^ p^^^ ^ _2C'-i/2e-20 + . (3.29) 

Again there are sixteen components of self-dual 5-form field strength. These 



components, as well as those of the 3-form in (3.28), should be multiplied by 
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2C-3/2 = 2[4i(x9 + za;8)]"' 



-fo2368 = I5 


-^02458 = 


1, 


-^03578 


= -1, 


-^04678 = 


1, 


-^02369 = —i, 


-^02459 = 


-h 


-^03579 


= h 


-^04679 = 


-h 


-^14579 = 


-^13679 = 


-1, 


-^12469 


= 1, 


-^12359 = 


-1, 


-^14578 = —h 


-^13678 = 




-^12468 


= 


-^12358 = 


—i. 



(3.30) 



3.2.3 Solution checking the fermionic T-dual 



In the previous section we have seen one of the simplest fermionic T-dual 
backgrounds for the Dl-brane. One can notice that it is quite peculiar in many 
ways, some of which were hinted at in the introduction: the background is not 
real, and although it has the common D-brane metric, the dilaton and the RR 
fluxes are unsusual. Not only are they complex-valued, but the real and imagi- 



nary parts of the dilaton (3.27), for example, grow without bound in the x ,x 



directions. One can nevertheless verify that the transformed backgrounds are 
indeed solutions to type IIB supergravity equations of motion (given in our con- 
ventions in the appendix [A|). 

In the so called, 'simple' case, all the equations are trival apart from the 



Einstein equation (A. 21) 



,2</. 



I t(3) I ^7^(5) 
~ fiu 2 



(3.31) 



which is satisfied by the transformed solution because the RR fields' energy- 
momentum tensors change trivially under the transformation - being quadratic 



in RR field strengths that scale as C (3.22), they simply get multiplied by 



C ^, which is cancelled by the transformation of the dilaton: 



.20' 



/(3) 



(5) 



^ flU ' ^ flU (^2 



(3.32) 



so that the right-hand side of (A. 21) does not change (the left-hand side does 



not change trivially because the dilaton is shifted by a constant and because the 
curvature is not affected). 
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An interesting question, however, is how it so happens that the new compo- 
nents of the 3- and 5-form do not contribute to the energy-momentum tensor. 
The reason is an accurate balance of real and imaginary units, scattered around 



(3.23) and (3.24) 



In the so called, 'complicated' case, the auxilliary field C in the transformation 
is no longer constant. As a result the function C = Ai{x^ + ix^) (3.26) enters into 



the expressions for the transformed fields and the verification of most equations 
is nontrivial. 

To gain a flavour of the cancellations involved we will give an example of 



solving the dilaton field equation (A. 16) 



Using 



= 4(90)2 - 4V^0. (3.33) 



+ ^logC, (3.34) 



we calculate 

= -j=dm (v^r"5n0') = -l^-^"" (5mCa„C - 2C9^09„C) , (3.35) 



(dcP'f = e-H^'' [d,n(l>dn(l> + ^d^<pdnC + -^d^CdnC^ , (3.36) 
where we have taken into account that for the dilaton in the Dl-brane background 



5"" {dmdnct) + 29^09„0) = 0, (3.37) 
and that the second derivatives of the linear function C vanish. 
For the function C = 4:i{x^ + ix^) we get 

6"'''d^Cd„C = {dsCf + {dgCf = 0, (3.38) 

6^^dm(pdnC = -A{ds<p - 2^90), (3.39) 
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and substituting this into the dilaton field equation (3.33) yields 



- l{)e-'t>6^^dm(t>dn(t>+—^{ds<p-id^<P) = 0. (3.40) 



All other field equations have been checked and involve many complicated 
cancellations. Carrying out these checks one obtains a healthy respect for the 
nontriviality of this duality from the point of view of the supergravity equations 
of motion. 



3.3 pp-wave 



Another type IIB background that is interesting to consider is the pp-wave 
solution [HUES]- This is a maximally supersymmetric solution, and so by dual- 
izing it with respect to any of its Killing spinors we can get another maximally 
supersymmetric background of (complexified) type IIB supergravity. 

In our conventions the pp-wave background is given by 

ds^ = 2dx~^dx^ — \^ 5 ^yX^ x'^ dx^ dx^ + d^ydx'^dx^ , (3.41a) 



i"+1234 = 4A = F+5678 (3.41b) 

(in this section we use the lightcone coordinates x^ = -^{x^ ± a;°), and x^ = 
{x^, . . . ,x^}). This solves the supergravity field equations for any constant A: 
the dilaton equation is i? = 0, which holds for the above metric, and the only 
nontrivial Einstein equation is -R++ = which also holds with -R++ = 8A^. 

All the other equations are trivial due to the vanishing of almost all of the type 
IIB fields. 

The Killing spinors of this background have been derived in [HI] and in our 
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notation are given by 

e = (1 - ix^A^) ( cos ^-1 - % sin ^-D j ( cos ^-1 - i sin J j cq, (3.42) 

for an arbitrary eo, where 1 is a 32 x 32 unit matrix, 11 = rir2r3r4, J = rsFer/rg, 
and 

^A^'^-''^' (3.43) 

[ 8Ar_ jr^, /X = 5,6,7,8. 

The formula (3.42) is written in the complex notation for the supersymmetry 
tranformations, see appendix [B] Both e and eg are Weyl spinors, i.e. complex, 
16-component. Since full 32 by 32 gamma-matrices Y ^ are used here, rather than 
16 by 16 7^, half of the components of e and eo are zero. 

In order to get the 32 basis elements {sk = {ek^h)} we first substitute arbi- 
trary complex constants as the components of eo: 

{eo)k = (yk + if3k, A; G {1,...,16}, ak, f3k e R, (3.44) 



the rest 16 components of eo being zero. Next we evaluate (3.42) and get 16 
complex components of e. Now, the real and imaginary parts of this Weyl spinor 
are our Killing spinors e = (e, e) in real notation. There are 32 independent pairs 
e = (e,e), corresponding to the thirty-two real parameters ak, f3k- 

The basis Killing spinor pairs then fall into two groups, those that depend 
on only ('group A'), and those that depend on the transverse coordinates 
x^,...,x^ ('group -B'). We get 16 group A Killing spinors by keeping any of 
(which we refer to as 'group AV) or f3i, . . . , f3s ('group A2'), while 
setting all other parameters to zero. Spinors that comprise group B result from 
keeping any of ag, . . . , aie ('group BV) or /^g, . . . , f3iQ ('group 52'). 

Not all of these Killing spinors satisfy the constraint ( |2.34[ ) (or its generali- 



sation (2.42), if one wants to perform multiple fermionic T-dualities) . If we pick 



a pair to construct a complex linear combination e' = Ea + isb so that Ea and 



£fc belong to different groups {A and B), then the condition (2.34) cannot be 
satisfied. Thus, necessarily Sa^Eb G A or Sa^Eb G B. According to the division 
into subgroups Al, A2, Bl, and B2, there are four quite distinct fermionic T-dual 
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backgrounds: 

• ea,£b G Al or 6a, Sb e A2; 

• Ea^Sb e Bl or Ea^Sb € 52; 

• Sa & Bl, Eb & B2, or the other way round; 

• G Al, Eb G A2, or the other way round. 

The first case is much like the 'simple' case of the transformed Dl-brane 



discussed in the section |3.2.1| above. Namely, the duality parameter C is just 
a constant, dilaton is shifted by its logarithm and RR 5-form is scaled by its 
power. Twenty-four new RR field components appear, eight in F3 and sixteen in 



F5. These look much like those given in (3.23) and (3.24) multiplied additionally 



by a sine or a cosine of 2Xx^. Crucially, these new RR fluxes do not contribute 
to the stress-energy, precisely as in the D-brane case. 

In the second case the transformed background is more complex. It also has 
constant C, and therefore a constant dilaton and a constant scaling factor for 
the 5-form components. New in this case is that there are four nonvanishing 
components of RR 1-form, thirty-two components of the 3-form and fifty-six 
components of the 5-form. All of these look like const ■ (x'^ + ix'^) for some 
yU, z/g{1,...,8}. Again, their stress-energy vanishes, so that no modification of 
the Einstein equations occurs. 

The third case is interesting, the defining equation for C is nontrivial. We 
can proceed however forgetting about the factors of C in all the RR form com- 
ponents. Three points are characteristic of a dual background in this case: there 
is no 3-form, but all the 1-form and the 5-form components are nonzero; all of 
these are either first or (more often) second order polynomials in the transverse 
coordinates; and they have nonvanishing stress-energy. The Einstein equations 
are still satisfied due to the nontrivial spacetime dependence of the dilaton, which 
is proportional to logC. 

We will look in detail at the fourth case. This can be also characterized by 
nontrivial contribution of the new components to the stress-energy tensor, and 
a spacetime-dependent dilaton. 
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3.3.1 Transformed pp-wave 



The linear combination of the Kilhng spinors that we will use is e' = e\ H-ieg, 



where e\ is what results from keeping only ai = 1 in (3.44) while setting all the 



other parameters to zero (so this is a group A\ element), and eg corresponds to 
/3i = 1 (group A1). Explicitly this has the following form: 



{cos Ax+, 0, 0, % sin Ax+, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} 
{i cos Ax+, 0, 0, - sin Ax+, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} 



(3.45) 



where the first line is e and the second line is e. This Killing spinor manifestly 



satisfies the constraint (2.34), since in this case e = ie, and thus 



€7^6 + 67^6 = 67^,6 - e7/,e = 0. 



(3.46) 



The defining equation for C (2.38) takes the form 



d.C = 2V2i cos 2Ax^ 



C= ^sin2Ax^ 
A 



(3.47) 



The dilaton now depends on 



()' = - log [ sin 2Ax^ 
2 \ A 



(3.48) 



The RR 5-form components that were nonzero in the original background 



(3.41b) gain the following dependence: 



+1234 — -r+5678 



3A 



iV2 . 



-1/2 



sin 2Ax 



(3.49) 



The transformed background also has nonzero RR 1-form 



F+ = — cos 2Ax''' I sin 2A2;^ 



-3/2 



(3.50) 
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and the following new components of the 5-form: 



+1256 — -r+1368 — — -^+2367 — -f^+2457 — 



-1/2 



+1236 — -r+1245 — -f^+3678 — -f^+4578 



+1348 — -r+1568 — -r+2347 — -^+2567 



+1278 — -r+1467 — -^+2358 — -^+3456 



+1357 — -r+2468 



A 



sin 2\x^ 



-3/2 



A 



sin 2\x^ 

A 



-3/2 



iV2 

cos 2\x^ I sin 2\x^ 



i\/2 

cos2Ax^ I — — sin2Ax^ 



(3.51a) 



-3/2 



-3/2 



A 



(3.51b) 
(3.51c) 
(3.51d) 
. (3.51e) 



The only nonvanishing component of the energy-momentum tensors of these 
RR fields is the (++) component, and this is readily calculated to give 



T 



(1) ix" cos^ 2Aa;+ 
a/2 sin^ 2Ax+ 



TS = 15v^a3^^^!^-8v^.A3 
sin3 2Ax+ 



1 



sin"^ 2Ax^ 



(3.52a) 
(3.52b) 



The combination that enters the (++) Einstein equation (A. 21) is 



-^++ "1" o-^++ 



^,2Cos^2Aa;+ 
sin 2Ax+ 



sin^ 2Aa;+ 



(3.53) 



Recalling that -R++ = 8A^ and calculating the second derivative of the dilaton to 
be 



-2X' 



sin 2Ax+ ' 



(3.54) 



we see that the Einstein equation (A. 21) is satisfied by the transformed back- 
ground: 



sin 2Ax+ 



,r,cos^2Ax+ 1 



sin 2Ax+ 



sin 2Ax^ 



0. 



(3.55) 
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All the other field equations are satisfied trivially. 



3.3.2 Purely imaginary fermionic T-dual background 

All the examples of fermionic T-duals considered up to now were complex. 
Here we give an example of a solution that one can potentially make sense of 
within non-complexified supergravity. This is produced by carrying out two inde- 
pendent fermionic T-dualities on the pp-wave. The result of the transformation 
has purely imaginary RR forms, so that timelike bosonic T-duality [77] can make 
it real. 

We begin by picking a second Killing spinor alongside with the one that has 
been used in the previous subsection: 

{cos Ax+, 0, 0, i sin Ax+, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} 
e'i = { } , (3.56a) 

{i cos Ax+, 0, 0, - sin Ax+, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} 

, {i sin Aa;+, 0, 0, cos Aa;+, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} , 
4 = <( } . (3.56b) 

{- sin Ax+, 0, 0, i cos Ax+, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0, 0} 

The additional Killing spinor is a sum e'2 = £4 + iei2, where is a group Al 



Killing spinor defined by 04 = 1 in (3.44) while setting all the other parameters 



to zero, and £12 corresponds to /34 = 1 (group A2). The pair (4)4) '^^^ ^e 



checked to satisfy (2.42). 



The auxilliary function C is a two by two matrix, defined by (2.41a): 



where 



, a b , ^ ^ 

a, = I I , (3.57) 

b a 



a=^sin2Aa;+, (3.58) 
A 

/2 

6=^cos2Ax+. (3.59) 
A 



The matrices logC and C , which are needed in order to implement the 
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formulae (2.41), have the same structure, but with different values for a and b. 



Namely, we have for the inverse of C 



and for log C : 



a' = -^sin2Ax+, (3.60) 

6' = ^cos2Aa;+, (3.61) 
V2 



„ in v2 
a"=- + \ogY, (3.62) 

b" = ~ + i2\x^. (3.63) 



Using log C we can calculate the transformed dilaton: 

0' = ^Tr logC = = f + log ^, e^' = i^. (3.64) 

Thus the string coupling is purely imaginary in this background. From this 
we can already predict, that the transformed background will necessarily have 
purely imaginary RR flux, so that the sign of the combination e^^F'^ is invariant. 

In order to derive this explicitly we calculate the contribution of the Killing 
spinors to the RR field strength bispinor, which is represented by the last term 



in (2.41c) 



{ei ® tj) {C = - ^ sin2Aa;+ [ei ®ti + t2® €2] 

Y (3.65) 

+ —1= cos 2Ax+ [ei ®t2 + t2® h] , 
v2 

where and are components of the pairs e[ = (e^, ii). Substituting the values 



of the Killing spinors as given in (3.56), we arrive at the following background, 
which is indeed purely imaginary: 

F+U34 = = (3.66a) 

-^+1256 = -F+1368 = -^+1458 = -^+2367 = -^+2457 = -^+3478 = i^?^^- (3.66b) 
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All other components of RR forms vanish. This background clearly satisfies 
Einstein equations, because 



+ 2V+V+0' - — 



4 \ 



(-16A^) =0. 



(3.67) 



3.3.3 Self-duality of pp-wave 

We shall now show that the pp-wave background is self-dual under the fermionic 
T-duality with respect to eight supersymmetries that we denote by {e[, . . . , eg}. 
Corresponding Killing spinors are all of the same form as those used to demon- 
strate how a single or double T-duality is done in the two previous subsections. 



Namely, recapitulating the discussion after (3.44), we pick sixteen real Killing 



spinors {^i, . . . ,es} G Al, {eg, . . . ,61^} G A2. Then the eight complex Killing 
spinors, satisfying ( |2.42 ), are given by 



— £i -\- i£i4 



ze{l,...,8}. 



(3.68) 



In particular, e'^ is exactly the same as e' that was used in section 3.3.1 and was 



given by (3.45). 



With this choice of supersymmetries we get the following matrix C: 

\ 



C 



/ a 6 

a -6 

-b a 

6 0a 





a -6 
a 6 
6 a 
-600a 



(3.69) 
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where a and b are the same as in the previous subsection: 



sm/Ax 



A 
A 



cos 2Xx^. 



(3.70) 
(3.71) 



The matrices logC and C ^ again have the same structure, but with different 
values for a and b, which coincide with those given in the previous subsection, 



see eqs. (3.60) to (3.63) 



The transformed dilaton is then evaluated to be 

V2 



4a" = 27ri + 41og 



A 



4 

A^' 



(3.72) 



We observe that the phases of ^ in (3.62) add up precisely in the way required 



to make Qs = e"^ real. The RR bispinor is modified by 



V2 
A 



sin 2Ax+ [ei ei + . . . + es ® eg] 



H 1= cos 2Aa;~ 

\/2 



ei ® £4 + £4 ® ei - e2 ® £3 - £3 (g) £2 



-es ® eg - 68 ® £5 + ee ® e? + ® ee 



(3.73) 



where (e,-, e,- 



An important feature of this matrix, which becomes obvious only after explicit 
substitution of the Killing spinors, is that it is proportional to the first term 



on the right-hand side of (2.41c). This leads to the RR field bispinor after 



the transformation being proportional to itself before the transformation. More 
precisely, we have for the transformed RR background 



-1234 



-A^ 



+5678) 



(3.74) 



with all other components vanishing. This is just the original flux that was 
supporting the pp-wave geometry before we have done fermionic T-duality, mul- 
tiplied by a constant — ^. Since this constant is equal to —e~'^' (3.72), the 



Einstein equations hold for the new background because they involve a product 
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+ - = ^^'-l (^) ' + = 0- (3.75) 

This transformation clearly leaves the string spectrum invariant since it is 
just a field redefinition of the Ramond-Ramond field strength. 

Interestingly, if one splits the eight supersymmetries that were used in this 
section into two groups {e[, . . . , e'^} and {e'^, . . . , e'g} and performs fermionic T- 
dualities of the original pp-wave background with respect to each of these groups 
independently, then the resulting background has the dilaton e'^' = p- in both 
cases, and the RR forms in the two cases are given by 

-^+1458 = -P+2367 = ±2A^. (3.76) 

Thus each group of four fermionic T-dualities also results in a pp-wave back- 
ground that has undergone a certain rotation in transverse directions as com- 
pared to the original pp-wave. 



3.4 Summary 

Our aim in this chapter has been to establish some basic familiarity with 
the fermionic T-duality in supergravity, and to observe the basic features of the 
transformed backgrounds. Several supersymmetric solutions of type IIB super- 
gravity have been generated, at times displaying peculiar properties. Firstly, one 
should note that fermionic T-duality does not commute with bosonic T-duality. 
This has been made evident in the Dl-brane case where new Ramond-Ramond 



fields are produced (such as (3.23)) that break the S0(1,1) x S0(8) symmetry 



of the original Dl-brane solution. 

We have also checked whether fermionic T-duality maps back to the original 
background if one applies the same transformation twice (this has not been 
mentioned in the text), and we see that it is not always so. In the examples 
carried out above the RR fluxes are mapped back to themselves multiplied by a 
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root of unity. This is undoubtedly a consquence of the fermionic nature of the 
duahty. 

One of the main goals of this section was to generate real solutions by means 
of fermionic T-duality. This has been successful in that we have shown that the 
pp-wave can be transformed to produce real solutions but in that case the trans- 
formed solution is again the pp-wave up to some field redefinitions or rotations. 

Now we will shift our approach towards more practical issues and consider 
a certain application of fermionic T-duality to research in the symmetries of 
scattering amplitudes in gauge theories. 
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CHAPTER 4 

FERMIONIC T-DUALITY IN 
AdS^ X BACKGROUND 

4.1 Introduction 

In order to further deepen our understanding of the way fermionic T-duahty 
works, we now apply the transformation to an AdS^ x CP^ background of type 
IIA string theory. This problem has a rich motivation that comes from the field 
theory side of the AdS/CFT correspondence. Initially an impressive progress has 
been made in A/" = 4 super- Yang-Mills theory (which is dual to AdS^ x string 
theory) . It was established that a correspondence or duality between planar scat- 
tering amplitudes and Wilson loops exists [55j. Essentially the correspondence 
relates a certain part of the scattering amplitude to a Wilson loop in momentum 
space, which is built out of the momenta of the particles participating in the 
scattering process. The Wilson loop is lightlike since the correspondence is for- 
mulated for scattering of massless gluons. For details of the correspondence see 
reviews [861 EZ] • A closely related development was that the dual superconformal 
symmetry [HHl EH] has been proven to exist in A/" = 4 SYM, which from the point 
of view of the amplitude/ Wilson loop correspondence is just ordinary supercon- 
formal symmetry acting on Wilson loops. Dual superconformal symmetry can 
be unified with the conventional one under the framework of Yangian symmetry 
|9Uj , which provides a new perspective on the integrability that A/" = 4 SYM is 
known to possess [82j . 

In the SYM case the amplitude/Wilson loop correspondence has been ex- 
plained by a combination of 4+8 T-dualities on the string theory side of the 
AdS/CFT correspondence. In particular, four ordinary T-dualities along the 
flat directions of AdS^ [55] and eight fermionic T-dualities [56] were required to 
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N=4 SYM n-gluon 
scattering amplitude 







CD 3-bra ne^ 




CFT 
AdS 



^ 4 bosonic ^ 

+ 8 fermionic 
T-dualities 



n- sided polygonal 
Wilson loop 





Figure 4.1: Amplitude/Wilson loop correspondence in SYM (upper arrow) and 
its T-duality counterpart in string theory on AdS^ x S^. 



achieve precise self-duality of the AdS^ x background. The AdS metric stays 
the same after the four bosonic T-dualities if one redefines the radial coordinate 
as r' = where R is the AdS radius. The eight extra fermionic T-dualities are 
needed in order to make the entire background invariant, namely, they bring the 
RR fluxes and the dilaton back to their initial state (which has been disturbed by 
the bosonic T-dualities). While the background is invariant, a string theory con- 
figuration that corresponds to a scattering amplitude in SYM is mapped into a 
configuration related to a Wilson loop (more precisely a configuration consisting 
of a set of D(-l)-branes with strings stretched between them), hence the duality 
between the two on the field theory side. The whole setup is illustrated by the 



figure 4.1 



This range of ideas is currently being applied to the other known instance 
of AdS/CFT correspondence, namely, the correspondence between the type IIA 
string theory on AdS4^ x CP^ background and the 3-dimensional Chern-Simons- 
matter theory (ABJM) [91]. In particular, Yangian invariance [261 l92l 193] and 
dual superconformal symmetry [9ll [951 EH] of scattering amplitudes in ABJM 
theory have been observed. Recently dual superconformal symmetry has been 
observed for loop amplitudes [971 EHl IHl] . There are hopes that these structures 
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in AB JM theory will find a string theory explanation in terms of a set of bosonic 
and fermionic T-dualities, in analogy with the AdS^ x case. This is further 
supported by comparison of the ABJM and SYM scattering amplitudes |T00 j . 

However, it has been shown that this approach to dual superconformal sym- 
metry cannot be straightforwardly reproduced in the AdS4 x CP^ case |1UH I1U2[ 
I103j . It is clearly impossible to achieve self-duality in the 3-1-6 setup (which 
would be a straightforward mimicking of the AdS^ x case) because three 
ordinary T-dualities would take us from IIA to IIB theory. There has been 
a proposal [26] based on the superalgebra arguments that the correct set of 
T-dualities to perform in this case would be a '3-1-3-1-6' set: three flat AdS^ 
T-dualities, three CP^ T-dualities, and six fermionic T-dualities. Furthermore, 
the authors of [HI] have established the existence of dual superconformal sym- 
metry of the tree-level ABJM scattering amplitudes in case when the dual su- 
perspace includes three coordinates corresponding to complexified isometrics of 
CP^. Nevertheless, Adam, Dekel, and Oz have shown |104] that this combina- 
tion of T-dualities is singular. The calculation in |lU4j has been done in the 
supercoset OSp(6|4)/(SO(2, 1) x U(3)) realization of the sigma-model, and this 
was conjectured to be a possible cause of the problem. Since the coset is ob- 
tained by means of a partial gauge fixing the sigma-model ^-symmetry and some 
string configurations are prohibited by this gauge-fixing, the supercoset might 
be a good description not of the full field theory but some truncation thereof, 
and dual superconformal symmetry might be lost. The issues that arise when 
fixing the K-symmetry in this model have been reviewed and discussed in |105j . 
Recently an algebraic condition has been formulated, which can be used as a 
criterion to decide if a particular supercoset sigma-model can be self-dual or not 

uns]. 

In this chapter we present the complementary point of view on how does 
this singularity arise, working with the supergravity component fields as in the 
previous chapter. This helps to evade the problems with K-symmetry, but the fact 
that we also find a singularity means that there is still some missing ingredient 
in the recipe of how to make the dual superconformal symmetry manifest on the 
string theory side. 
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For the sake of simplicity, and also following the conjecture made in [26] that 
the dilaton shifts coming from the bosonic and the fermionic T-dualities seem 
to cancel, we confine our attention to the transformation of the dilaton. This 
turns out to be sufficient to expose the singularity involved. The dilaton gets two 



additive contributions — a negative one from the bosonic T-dualitites (1.25): 

Sb4> = -^log\detg\ {4.1] 



and a positive one from the fermionic dualities (2.41b): 



5F(j)=^\og\detC\. (4.2) 

Here det g is determinant of the block in the metric tensor that incorporates the 
directions that have been dualized (adapted coordinates have been chosen). 

In what follows we shall consider the transformation of the string coupling 
e'^, which according to the above formulae changes as 

e^<t>' = ^24>^_ (4.3) 
det ^ ^ ^ 

The main result will be that this transformation is not only singular, but it is 
also indeterminate, in the sense that both determinants in the above formula 
vanish. This is to be contrasted with the AdS^ x case |56], where the two 



'5 

detereminants are nonzero and cancel precisely, thus allowing for the self-duality. 

In what follows we will give a very brief review of the ABJM theory and its 
gravity dual, then describe the supergravity background in more detail, proceed 
to its Killing vectors and spinors and the symmetry superalgebra that they gener- 
ate, and finally show what is the problem with bosonic and fermionic T-dualities 
in this setup. 

4.2 The background 

Aharony, Bergman, Jafferis and Maldacena (ABJM) have constructed ad = 3 
A/" = 6 superconformal Cher n- Simons-matter theory that is conjectured to pro- 
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vide an effective description of M2-branes located on a CyZk singularity [9T]. 
This was motivated by the earlier work by Bagger and Lambert |107[ I108[ 1109] 
and Gustavsson 1111] and has lead to a great surge of activity. For reviews 
see [TT21ITT8] . 

ABJM theory has gauge group U (N) x U{N) with the factors having opposite 
Chern-Simons levels k and —k. In the 't Hooft limit 

^ oo, A = — > 1 fixed (4.4) 
k 

the weakly coupled gravity dual description is valid, either in terms of the AdS^ x 
S'^/Zk solution of (i = 11 supergravity (when k^ ^ A^), or in terms of the 
AdS4 X CP^ solution of IIA supergravity (when k N <^ k^). We will be 
dealing with the d = 10 description. The characteristic spacetime radius is 
related to the 't Hooft coupling by = ATra'\/2X, and the background is given 
by 

R^ f 1 \ 
ds^ = — ( -ds\as4 + ^^cp^i 1 ) (4-5a) 

e'" = ^, (4.5b) 









G 


R^ 












8 


£4, 


kJ. 





F, = —€4, (4.5c) 
F2 = kJ. (4.5d) 

^^AdS4 a ^^i^ radius AdS4^ metric, e.g. in the Poincare patch: 

dsi,s, = [-{dxr + {dxr + (dxr] + ^, (4.6) 

and the corresponding 4-form flux F4 is proportional to the totally antisymmetric 
symbol in 4 dimensions. 

As regards the CP^ part of the background (which is supported by the 2- 
form F2, proportional to the Kahler form J), let us introduce several coordinate 
systems that will be useful in what follows. Complex projective space CP^ is 
by definition a linear space of complex lines through the origin of C^. Since in 
the 't Hooft limit we have k — )■ 00, the factor S"^ jl-^ of the d=ll background 
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turns into the Hopf fibration S"^ /S-^. This is how the projective space arises as a 
submanifold of the d=10 gravitational background. We may illustrate this with 
a diagram, where the arrows represent factorisation first with respect to dilations 
by a positive R and then with respect to S^. Together these correspond to taking 
the factor of with respect to the complex dilation by a number c = i?e*^: 

^8 ^ ^4 dilations^ ^7 ^p3 ^ g7 ^ gl ^ ^4 7^ 



The resulting CP^ is a manifold of complex dimension three, possessing a 
Kahler metric. This can be represented either in complex or in real coordinates, 
and in what follows we will make use of both types of representation. We intro- 
duce the following coordinate systems on the CP^ factor of the d=10 geometry. 



Fubini-Study coordinates {z,z), where Zq/ cirG complex conjugates of z 
a = 1, 2, 3. Line element has the well-known form 



a 



, o dz dz/y z z fidz^ dzrv / . ^\ 

where |zp = z'^Za- The metric is evidently real, which makes it possible to 
introduce six real coordinates instead. 

Starting from the real components of the Fubini-Study coordinates 2;" = 
p"e*'^", we can introduce six real coordinates {fi,a,9,ip,x,(p) as follows 

9 1 

p"^ = tan/i sina sin -, = ^{i^ — 4^ + X)-, 

= tan/i cos a, ip^ = ^x, (4-9) 

6 1 

= tan p sin a cos - , = 0^ + <P + x)- 

It is convenient to work with the Killing spinors in these coordinates be- 
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(4.10) 



cause of the simple representation of the vielbein forms: 

= dfi, 
= sin /i da, 

= - sin fi sin a (cos ijj dO + sin 6 sin ip d(j)) , 
= - sin sin a (sin ip dO — sin ^ cos ■i/' , 
= - sin /i sin a cos a ( rf?/' + cos d(j)) , 
= - sin cos ( + sin^ a d?/' + sin^ a cos 6* 

Line element is simply ds'^pa = 6abe"'e''. We shall use Latin letters for the 
tangent-space components. 

Finally, we introduce the complexified CP^ background by means of the 
following coordinate transformation: 



_ -z. (4-11) 

These are six independent complex coordinates {wa (w")*). The line 
element takes the simple form: 

ds^-p-i = dw°'dwa + WaWpdw°'dw^ . (4-12) 



Finally, the Kahler form J in (4.5d) has the simplest representation in the 
latter coordinates: 

J = -2idw'' ^dwa. (4.13) 
Transforming it to the real coordinates, we get 

J = — dn A {dip + d(j) cos 0) sin 2/i sin^ a — dfx A dx sin 2/i ^ ^ 

— da A {d-ip + d(j) cos 6) sin^ /x sin 2a + dO A dcj) sin^ /i sin^ a sin 9. 
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This looks much simpler when written in tangent-space components: 



7 _ pMpl' 7 
^ ab ^ it. 



-2\ 



-2 



V2 



(4.15) 



4.3 Killing vectors 



The six isometries that should be T-dualized are the shifts of three flat 74^5*4 
directions and three internal (CP^) isometries. The contribution of the AdS^ 



T-dualities can be trivially read off from (4.6), and it is nonsingular: 



-3 logr. 



(4.16) 



Therefore from now on we shall only be concerned with internal isometries. 

The isometry algebra of CP^ is su(4), which is 15- dimensional. None of these 
isometries commute with any of the supersymmetries, which is the reason for 
complexifying the Killing vectors. We use the complexified Killing vectors of 
as given in |115] : 



for a vector field 



Ka — —Ta^ — Ta^Zp + Tq^Zo + Tq^ ZjsZo 



d d 

dz^ " dz,. 



(4.17) 



(4.18) 



There are precisely 15 independent parameters Ta^ , A, B = 0, . . . , 3 because 
they are subject to the constraint Ta'^ = 0. 

We shall consider the three complex Killing vectors that result from keeping 

d 



To" in (4.17): 



(a) 



d 

+ Zo,zp—^, a = 1,2, 3. 
ozn 



(4.19) 
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These three vectors commute with each other and by transforming them to the 



real coordinates (4.9) one can check that they are of the form a + ib, where a 



and b are ordinary real Killing vectors of CP^: 



1 _^(^_s+y) I ■ .08 ^ .98 cot /i cos 2 5 
-f^(i)=?:e 2^^^ smasm-— + cot/icosasm-- — \ -, — 

2 \ 2 a/x 2 8a sm a 80 

cot II 8 cot n 8 8 

-I- —07^ + 2« tan/ismasm-— , , 

sm a sm | 8%p sm a sm ^ (70 2 8x ) 



(4.20a) 



(2) 



e 2- 



cos a 



-2i 



d_ _ 
8^1 
cot fl 



8 ^ . cot u 8 

cot /i sm a - — h 2z — 

8a cos a a?/' 



cos a 



cos a cot /i J 8x 



8 



(4.20b) 



(3) 



^ (9 ^9 
sm a cos - — h cot u cos a cos 
2 a/i 



2 (9a 



cot /i sin 2 (9 
9^ 



— z 



cot /i 9 



— z 



cot /i (9 



sin a; cos 7^ 8ip sin cos 



+ 2i tan /i sin a cos 




(4.20c) 

Note that alternatively one could also use the three vector fields corresponding 



to Ta , which are complex conjugates of the vectors (4.19), or those resulting 
from keeping Tq," (no sum). These two subgroups of complexified symmetry 
superalgebra are also commuting. 

Now we can reveal the reason for the introduction of the {w, w) coordinates 



in (|4.11|). Transforming the vectors (|4.19) to these coordinates one discovers that 

8 



they are acting as shifts: 



(a) 



8w°'' 



(4.21) 



which enables us to calculate det^f in (4.3). For this purpose, we read off the 
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metric tensor from the expression for the interval in {w,w) coordinates (4.12): 



/ —1 —1 —1 —9 —1 — 

/ WW WW WW 



— 2—1 —2—2 — 2— 
WW WW WW 

— '^— 1 — S— 2 — '^— 1 
WW WW WW 



\ 



1/2 



1/2 



(4.22) 



The upper-left block here corresponds to the dw dw term in the interval. Rescal- 
ing of the string coupling under the three T-dualities with respect to -^'(1,2,3) is 
given by the determinant of this block, which is identically zero. Now we can 



rewrite (4.3) as 



detC 




(4.23) 



This is clearly a singularity, and now we proceed to showing that the numerator 
in this formula vanishes as well. 



4.4 Killing spinors 



In order to get an expression for the matrix C (2.21) we need to know the 
Killing spinors e, e. These can be found as solutions to the equations 



^2 - ) E = 0, (4.24a) 



3 

VmE = ^ (/^sEA/r" - fj^u) E, (4.24b) 

o 

which are conditions that supersymmetry variations of the type IIA fermions 
vanish. Supersymmetry parameter E is a Majorana spinor, while e and e are its 
Majorana-Weyl components, which can be obtained by applying the projections 
^(1 ± r"). We use the notation = ^Fm,...m,J^^'-^'^" ■ Note that the free 



index M in (4.24b) is a curved index. 

Original derivation of the Killing spinors of CP^ can be found in |116j . |114j . 
and jll7j . Here we shall briefly overview the derivation for the sake of consistency 
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with our notation and conventions. We decompose the spinor parameter E = 
K ® ?7 into the product of the S0{1,3) and S0{6) spinors n and r]. With the 
corresponding decomposition of the gamma-matrices (for details see appendix 



B.2), the first Kilhng spinor equation (4.24a) becomes 



1 ® -FijP'' ] {K®r]) = {l® 2(3'') {K®r]). 



(4.25) 



We see that k is unconstrained, while the equation for rj can be rewritten as 
follows: 

g/3^r7 = -2/3^r/, (4.26) 
where Q = ^Fij (3''^ (3'^ . Evaluating this matrix operator using the tangent-space 



components of the 2-form (4.15) shows that indeed there is a —2 eigenvalue, 



whose degeneracy is 6. The corresponding 6-parameter eigenspinor has the form 



v={-fi f2 h -h U -h -h U ) ■ (4-27) 

The exact functional dependence of the parameters fi on spacetime coordinates 



is fixed by the second Killing spinor equation (4.24b) 



Performing the same decomposition as above and using (4.26) we arrive at 
the following equations for n and r/: 



1 



(4.28) 



1 
4 



(4.29) 



where we underline the world indices and our convention for the spin connection 
is 

uja,bc = ^e§e§ {^ade - ^ dea + ^ ead ) , (4.30) 



^ ABC = d\Ae^B] (^a^DE- 



(4.31) 



The AdS^ Killing spinor equation is easy to solve and the solution k is 4- 
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parametric: 



K 



-1/2 
-1/2 



(4.32) 



^ r^/^ + x^) — K,2X^ + «^4] y 

Solving the equations for rj is more tedious, but it can be done analytically. The 
solution is very bulky and is therefore given in the appendix [Cj The overall result 
is that the AdS^ part of the Killing spinor k is 4-parametric, while the CP^ part 
is 6-parametric. Thus there are 24 independent Killing spinors in the AdS^ x CP^ 
background. 



4.5 Symmetry superalgebra 

To every supergravity solution is associated the superalgebra of its symme- 
tries, where the even part is formed by the isometrics represented by the Killing 
vectors, while the odd part is the algebra of unbroken supersymmetries given 
by the Killing spinors. This has the natural interpretation in the superspace 
picture where an unbroken supersymmetry is a shift invariance in a fermionic 
direction, i.e. essentially an isomtery as in the bosonic case. The superalgebra 
multiplication is a commutator (anticommutator) for the elements from within 
the even (odd) subalgebra. If one considers 'commutation' of a Killing vector and 
a Killing spinor, then one is lead to the notion of a spinorial Lie derivative |118j . 
as we will see below. 

We now need to establish which Killing spinors to use for the T-duality 
transformation. As long as we have chosen the three isometrics generated by 



(4.19), the choice of the fermionic symmetries is dictated by the requirement 



that together they form a commuting subalgebra of the symmetry superalge- 



bra. Bosonic generators (4.19) of this subalgebra are commuting; our next step 
will be to choose the fermionic generators (Killing spinors) that commute with 
these three vectors and finally we shall check the anticommutation of the selected 
supersymmetries among themselves. 



First of all recall that apart from (4.19) our T-duality setup includes three 
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bosonic dualities along the flat directions of AdS4. Looking at the AdSi part of 



the Killing spinor (4.32) we see that we must set ki^2 = for the product K®rj 
to be invariant under the shifts of So what happens to the CP^ part of 

the Killing spinor? 

From the explicit expressions of the CP^ spinors (appendix [C]) it is not easy 
to tell what are their transformation properties under the shifts generated by 



the vectors (4.19). Therefore we calculate the Lie derivatives of our CP^ Killing 
spinor fields with respect to the Killing vectors ^ll8] . Lie derivative of a spinor 
7] with respect to a vector K is given by 

CkV = K'^^V + \^[^ Kj] \p''r,. (4.33) 

where of course the covariant derivatives of a vector and of a spinor are taken 
with respect to the Christoffel and spin connections, correspondingly: 

WiKj = diK, - Tl^Kk, (4.34a) 



(4.34b) 



Using the expressions for -^'(1,2,3) (4.20) and for r7i,...,6 ((4.27) and appendix [C| 
where the spinor r/j results from keeping only the parameter hi = 1 and setting 
all the rest to zero), one finds the following algebra: 



--{Vi+tV2), 



(4.35a) 
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= 0, 






= 0, 












= 2(^3 + 












1, 

= 2(^3 + 





(4.35b) 



C'K^^)Vi = -2 (^3 + ^Va + + ^e), 
>CiC(3)r/2 = 2(^3 + IV A + + ^e), 



(4.35c) 



It is easy to see that there are three hnear combinations of the Kilhng spinors 
that are invariant under the action of all three vectors: 

rii + ir]2, r]3 + iV5, Vi - ^Ve- (4-36) 



Tensor multiplying these with the two AdS4 spinors (^3, K4 7^ in (4.32)) we get 
the six Killing spinors, which is precisely the number needed for the T-duality. 
Thus the symmetry superalgebra constraints unambiguously fix the fermionic 
directions to be T-dualized. 

It remains to make sure that the corresponding supersymmetries anticom- 



mute. The constraint on the spinor E = k ^ r] is given in the appendix (2.27) 
and can be checked straightforwardly. For multiple supersymmetries one has to 
generalize this to the matrix constraint 

Eir% = 0, t,j = l,...,6. (4.37) 
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4.6 Fermionic T-duality 



Finally we are in a position to calculate the matrix Cj,-, i, j = 1, . . . ,6: 



(4.38) 



which is a generalisation of (2.21) for the case of multiple T-dualities. These 



equations turn out to be consistent, and the solution is (up to integration con- 
stants) 

/ 





c 



AdSi 



a b \ 
—a c 

-b -c 



-a -b 
a — c 
\ b c 



where 



a = —2re 2*-'^"'"'^^ sin2/isina 
6 = 2 r e~ 2 ('^+^) sin 2/i sin a 
c = — 2r e~2>^sin2/icosa. 



cos ^(61 + 0) + isin ^( 



1 1 
i cos -{0 — 4>) + sin 2 + 



(4.39) 



(4.40a) 

(4.40b) 
(4.40c) 



The important point to notice here is that the determinant of the matrix 



(4.39) is identically zero, irrespective of the values (4.40). This is the second 



singularity, which manifests itself in the numerator of the formula (4.3) 



The vanishing of det C in the present case is to be contrasted with the AdS^ x 
case [56j, where the C-matrix has the same algebraic structure (symmetric 
matrix with off-diagonal antisymmetric blocks). However since in this setup one 
does 4 bosonic {AdS) dualities and 8 fermionic ones, CacissxS^ is now an 8 x 8 
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matrix: 



C 



AdSsxS^ — 






a 


b 


c 


—a 





d 


e 


-b 


-d 





/ 


—c 


—e 


-/ 






—a —b —c 

a —d —e 

b d -f 

c e f 



where the entries are given by 



a = 2Rr sin (cos — i sin y^ cos y^) , 

b — 2Rr (i cos y^ + sin y-*^ . . . sin y^) , 

c = —2Rr sin y^ sin y"^ sin y^ (cos y"^ — i sin y^ cos y^) , 

(i = 2i?r sin y^ sin y^ sin y^ (cos + i sin y'' cos y^) , 

e = 2Rr (— i cos y"*^ + sin . . . sin y^) , 

/ = —2Rr sin y"*^ (cos y^ + i sin y^ cos y^) . 



(4.41) 



(4.42a) 
(4.42b) 
(4.42c) 
(4.42d) 
(4.42e) 
(4.42f) 



Here r, as before, is the AdS radial coordinate, R is the ^^5" radius and the 
variables {y^, . . . , y^} are the standard coordinates on S^: 

ds' = (dy'r + sin^ y' { [dy'f + sin^ y' [{dy'f + ...]}. (4.43) 

In the AdS^ x case, not only is det (7^^55x55 nonvanishing, but for these 
particular values of the entries it can be simplified to 



detCAd55xS6 = (2i?r)^ 
This is precisely cancelled by the 4 AdS dualities. 



(4.44) 
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4.7 Summary 

In this chapter we have observed an indeterminate transformation of the 
dilaton in the CP^ background under a set of bosonic and fermionic T-duahty 
tr ansf ormat ions : 

e2'^' = e2'^^. (4.45) 

This is to be contrasted with the AdS^ x example, where an analogous set of 
dualities leave the background invariant. 



In the case at hand the degeneracy of the matrix (4.39) as opposed to (4.41 ) 
is due to their block structure with antisymmetric blocks (an odd- dimensional 
antisymmetric matrix has zero determinant). In a different setup the structure 
of the C-matrix may be different, as we have seen in the previous chapter [3j We 
postpone the discussion of the possible reasons and ways around this problem to 
the conclusion (chapter |6]). 
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CHAPTER 5 

GENERALIZED GEOMETRY FROM 
Dl-BRANE WORLDVOLUME 

THEORY 

5.1 Introduction 

Soon after the discovery of d = 11 supergravity |119] it was observed that 
upon compactification on tori of various dimensions the theory exhibits lots of 
global continuous symmetries |120l I12H \122\ \123\ I124^ 1125] . The symmetries of 
each compactification (at least up to the dimension 8) can be described by a cer- 
tain Lie group, whose dimensionality grows as one increases the dimensionality of 
compactification. The origin and in fact the very existence of these symmetries 
was obscure from the compactified supergravity action point of view, hence they 
were commonly referred to as "hidden" symmetries. Nowadays they usually go 
by the name of M-theory dualities or U-duality. The string or M-theoretic inter- 
pretation of the lower-dimensional U-duality groups is that duality is properly 
formulated in terms of the worldvolume of the corresponding extended objects, 
and it manifests itself in the low-energy effective theory (supergravity) as the 
U-duality symmetries [3]. U-duality groups that arise when d dimensions of 
11-dimensional supergravity are compactified are given in Table [5l](D is the di- 



mension of the representation in which the spin one spacetime fields transform). 

The U-duality groups contain both T and S-duality symmetries: for the com- 
pactifications of type II supergravity on a (i-torus the U-duality group always 
contains SL(2, R) and 0{d, d; R) as its subgroups. These are broken by quantum 
effects to the discrete SL(2, Z) and 0{d,d]Z) where from the string-theoretic 
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d group D 



2 GL(2,R) 3 

3 SL(3,R) X SL(2,R) 6 

4 SL(5,R) 10 

5 SO(5,5) 16 

6 E6(+6) 27 

7 E7(+7) 56 




Table 5.1: U-duality groups for compactification of 11-dimensional supergravity 
on T*^ and their representations. 

viewpoint SL(2, Z) is the S-duahty group, while 0{d,d;Z) is the standard T- 
duality group. 

The generalized geometry framework allows a possibility of making the U- 
duality symmetries manifest on the Lagrangian level. This can be achieved if 
one combines the supergravity background fields into objects that transform 
covariantly under the U-dualities. This has been achieved initially on the T- 
duality level by employing Hitchin's generalized geometry [126^ 1127^ 1128] , where 
one augments a d-dimensional tangent space at each point with a cotangent 
space. The coordinates of the latter describe string winding modes, and the 
resulting theory is essentially formulated for a fibrewise sum 



It unifies the metric and the 6-field precisely in the way required to make the 
theory covariant under the T-duality group 0{d, d; Z) [1291 [ffl IT331 

To give a U-duality symmetric formulation one would need to work with M- 
theory fundamental objects |136] and their winding modes, rather than funda- 
mental strings. The corresponding generalized geometries have been considered 



TM © T*M. 



The corresponding generalized metric is a 2d x 2d matrix: 




(5.1) 
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in |137[ 1138] . A U-duality covariant action oi d = 11 supergravity has been 
constructed recently in [25j. The single U-duality covariant object unifying the 
metric and the 3-form potential of (i = 11 supergravity was in that case the 
metric on the generalized tangent bundle 

TM © A^T*M, 



where fibrewise summation is assumed: 

where g""^'"!^ = }^{g"'''g^^ — g"'^g^'^)- In d = 4 the generalized tangent space is 
10-dimensional: 

dim T^M + dimA^T*M = 4 + 6 = 10, 



which is in line with the dimension of SL(5, IR) representation given in Table 5.1 
The fibre at each point of the target spacetime is a direct sum of a tangent space 
and of the space of 2-forms. The latter correspond to the winding modes of the 
M2-brane, which is the only M-theory object relevant for compactifications on 
tori of dimension up to four (for d > A M5-brane wrappings become relevant 
|139] ). In a similar manner we can derive the representations of the U-duality 
groups in other dimensions by augmenting the tangent space at a point x with 
k^T*M for > 1, or K^T*M © A^T*M for d > 4, which corresponds to the 
possibility that the M-theory branes may wrap the corresponding compactified 



spaces. The results are shown in Table 5.i 



In principle, there should be a way to extract this information from 10- 
dimensional string theory, provided one considers not only the fundamental 
strings, but also the nonperturbative states of the theory, i.e. the D-branes. 
In IIB string theory for compactifications on T"^ with < 6 we may postulate a 



^Much related work on string and M-theory generalized geometry has appeared after this 
thesis has been submitted, in particular [1401 [Mil HHl Hill HH [Hg EM EM\ EM EM EM 
[TCTl[T521[Tei[TM[T551[T5m[TS7| 
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d dimT,M dimAX*^ dimAX*^ total 

1 i ~ ~ T" 

2 2 1 — 3 

3 3 3 — 6 

4 4 6 — 10 

5 5 10 1 16 

6 6 15 6 27 



Table 5.2: M-theory brane wrapping coordinates for d compactified dimensions. 



generalized tangent space of the form 



A-^T* 



A^T* 



'A^T*)M, 



(5.3) 



which takes care of the wrappings for Fl-strings, D1-, D3-, and D5-branes, and 
NS5-branes. This space has dimensions precisely matching those shown in the 



Table 5.2 (note that there is a mismatch of one because of the difference between 



the d = 11 M-theory and d = 10 string theory), see Table 5.3 



d 


T^M 


2[A^T*M] 


A^T*M 


2[A^T;M] 


total 


1 


1 


2 






3 


2 


2 


4 






6 


3 


3 


6 


1 




10 


4 


4 


8 


4 




16 


5 


5 


10 


10 


2 


27 



Table 5.3: IIB string theory objects wrapping coordinates for d compactified 
dimensions. 



IIA theory comes eqiupped with a generalized tangent space of the form 

R © (T^ © A^T* © A^T* © A'^T* © A^T*)M, (5.4) 

where we take into account the wrapping coordinates of the Fl-string, D2- and 
D4-branes, NS5-brane, and an extra summand of IR is responsible for the dual 
coordinate of a DO-brane (a zero-form, i.e. a scalar). Once again the dimensions 
of this space (Table 5.4[ ) are in line with the representations of M-theory duality. 
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d R T^M A^T*M A^T*M K^T^M A^T*M total 



1 


1 


1 


1 






— 3 


2 


1 


2 


2 


1 




— 6 


3 


1 


3 


3 


3 




— 10 


4 


1 


4 


4 


6 


1 


— 16 


5 


1 


5 


5 


10 


5 


1 27 



Table 5.4: IIA string theory objects wrapping coordinates for d compactified 
dimensions. 



This leads us to conjecture that if one encodes all the dynamics of the string 
theory objects listed above in a single structure similar to the generalized metrics 



(5.1 , 5.2), then this may lead to a possibility of reformulation of 10-dimensional 
IIA/B supergravity in a U-duality covariant way. The T-duality-covariant gen- 



eralized metric (5.1) unifies the metric with the 6-field; since we know that U- 
duality groups include T and S-dualities, and the latter mix NSNS and RR 
fields, we expect the type II string theory U-duality-covariant generalized metric 
to combine NSNS and RR fields. As we will see, this is achieved quite naturally 
by considering the D-brane worldvolume actions. 

We proceed by briefly recapitulating the approach of [158j to derivation of 



the T-duality-covariant generalized metric of a fundamental string (5.1), and 
then extend the result to include the D-string. The hope is that eventually a 
single S-duality covariant result can be written down, describing both strings 
simultaneously. It is likely that an S-duality covariant description of a (p, q)- 
string will be needed in order to achieve such a goal. One then would need to 
proceed with including the higher dimensional D-branes into the game, in order 



to complete the spaces (5.3), (5.4). 



5.2 Generalized metric for an Fl-string 

Taking the fundamental string to be the only object in the theory we see that 
the dual winding coordinates are 1-forms, and hence the relevant generalized 
tangent space is 

T^M © T*M. 



80 



Generalized geometry from Dl-brane worldvolume theory 



This is classical generalized geometry in the sense of Hitchin |126] . i.e. a simple 
tangent bundle is replaced by a fibrewise sum of tangent and cotangent bundles. 
The metric for such a space arises naturally if one considers the worldvolume 
equations of motion and Bianchi identities and writes them down in a unified 
fashion. This task is simplified by making use of several alternative Lagrangian 
descriptions of a string, as we will now show. In this section we closely fol- 



low |158] . The Lagrangian we begin with is given by (D.l) for p = 1: 

L = ^^/^-f'^diX^d^x^Q,,,. + ^e'^da^dix-'b,,,.. (5.5) 



IV^Y'd^x'^d^x'^g,, + ^-e'^diX^d,x%^,. 



We introduce the following notation: 



5- 



(5.6) 



In this chapter i,j are the worldvolume indices, running over the two values 0, 1, 



while /i, u are spacetime indices, see appendix [Dj Equations of motion for x^ can 
then be written as 



(5.7) 



while the Bianchi identities involving x^ follow from (5.6): 



(5.^ 



The nonlinear action (D.l) can equivalently be represented by any of the two 



first order actions, which describe the system in the two dual frames. These are 
written in terms of the dynamical fields Fj^, x^, and a dual 1-form coordinate 



Lx 



1 



1 



2 V -ll-'FtF^g,. - -/^FtF;h,,+ 
+d,x^ {^Y^F^g^, + e'^F^h,,) , 

+d,y,e'^F^. 



(5.9) 



(5.10) 
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The Fj^ equation of motion for is 



= da'' 



Substituting this back into the Lagrangian we get precisely L (5.5), thus estab- 



hshing classical equivalence of the actions built out of and L. Of course, the 
equation of motion for 



(5.11^ 



also reduces to the one that follows from L (5.7) upon substitution of the F^ 
field equation. 

As regards Ly, it is a dual Lagrangian: the equation for encoded in Ly is 



what used to be the Bianchi identity in the description (5.8): 



e'^diF^ = 



F^ = djx". 



(5.12) 



To ensure that the relation between Bianchi identities and field equations is 
symmetric with respect to and Ly, consider the equation for F^^ from Ly-. 



(5.13) 



Comparing this to (5.11 ), we see that the latter, which is the equation follow- 



ing from L^i implies the Bianchi identity for Ly 



SxL^ = 



(5.14) 



We now proceed to show that all of the information given above can be 
summarized concisely, and that this results in a generalized metric structure. As 



one can check, the equation (5.13) has the following solution: 

1 



i 



fii/ _ 



(5.15) 
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where Pf^,, (symmetric) and q'^'^ (antisymmetric) are defined by the relations 



7 C 



(5.16) 



and p^^ is defined to be the inverse of p^^. p^aV"^^ = ^n- 



Recalling the definitions (5.6) we notice that we can rewrite (5.13, 5.15) as 



(5.17) 



and 



(5.1^ 



From these two we can express ^ in terms of ^,(3. As a result we arrive at the 
following relationship between the worldvolume 1-forms (* is the worldvolume 
Hodge operator): 



-kdy 
-kdx 



M 



(3 



M 



dx 
dy 



(5.19) 



The generalized metric M is given by 



M 



(5.20) 



5.3 Generalized metric for a Dl-brane 



We start with a Howe- Tucker form of the Dl-brane action (D.12) and repeat 



the manipulations of the previous section. Our initial Lagrangian is 



(5.21) 



where in addition to the fundamental string worldvolume fields and x^ we have 
the worldvolume gauge field potential Aj, spacetime RR fields (7^,^ and C (the 
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RR scalar), and an antisymmetric rank 2 worldvolume field that together with 
7y comprises Hij (for details see appendix [D]). We can rewrite the Lagrangian in 
the first order form by introducing an extra worldvolume field Fj^: 



I ■' 
^e'^FtFf{C,, + b^,C) + 



2 

+ diX- 



e~^V^H'^F^{g^, + b^,) + e'^F^{C,, + b,,C) 

(5.22) 

This Lagrangian transforms precisely into L upon substitution of the F^^ field 
equation Fj^ = diX^. The dual Lagrangian is given by 

Ly = ]^e-'f>V^W^FtF;{g^, + h^,) + 7ia'{dA),,{e-'^V^H'^ + e'^C) + 
+ U^Fl'F^iC,, + b^^C) + d^y/^F^, 

(5.23) 

where a dual Dl-brane wrapping coordinate was introduced. The situation 
with the field equations for being the Bianchi identities for Ly and vice versa 
is exactly as in the fundamental string case. In particular, the y^ equation of 
motion implies F^ = dix'^, and the equation of motion itself then turns into the 
Bianchi identity for x^. 

In our search of the generalized metric we now need to consider the F^^ 
equation of motion for Ly together with its solution. The field equation is 



e^'djy^ = e-'f'V^W^d,x\g^, + b^,) + e'^d.x^'iC^, + 6^,C), (5.24) 
which can be solved by 

= 44 P^'H^.e^'^dkyu + (5.25) 

where now 

Pm- = e-^^g + b)^, - (C^, + b,^C)ig + b)-^^^{Cp, + bp^C), (5.26) 
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q^yau = -{g + + 



(5.27) 



and as before p^aP°"^ = S]^- Note, however, that both p^^, and q^'^ have now 
lost their ( ant i) symmetry properties. Nevertheless, one can still find a simple 
expression for a product with reversed order p^aq°"^, which will be important in 
what follows: 

= + b^^C){g + 6)-!"^ (5.28) 



From (5.25) we find that 



(5.29) 



Comparing this to (5.24) yields 



e%,q''PV^H'^d, 



'jVp 



= - e^^W^d^xP{C,, + bp,C){g + by^'^^iCp, + b^^C)- 

(5.30) 

We multiply this by (C2 + b2C)^^ which yields 



e^^djX^" = - e^V^W^djXp{g + by^^'^^Cup + b^pC)- 



(5.31) 



The latter, together with (5.29 ), is sufficient to write down the generalized metric: 



-Pt^iyq 



up 



q^'Pup (g + b) 



-I tip 



(5.32) 



where the products Ppuq'^^,q^'^Pup are given by (5.27), (5.28), and the Gothic 



characters are the same as in (5.6) with 7 traded for H 



Note that due to the presence of the antisymmetric rank two worldvolume 



field in the D-brane action the matrix in (5.32) is no longer symmetric, thus no 



longer a metric. If we split it into symmetric and antisymmetric parts, then one 
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can call the symmetric part the generalized metric: 



ig + h)-^^''{C2 + hC), 



ig + b) 



— 1 flU 



(5.33) 



where 



and 



pL = e-'V - iC,a + b,.C){g + + b^^C), (5.34) 



(9 + b):'^" = {g + b)-'^-g^p{g + h)-'^'' 
is the symmetric part of {g + h)~^^'^ . 



(5.35) 



One can obtain the generalized metric (5.33) from the fundamental string 



generalized metric (5.20) by replacing: 



-1 /ii/ 



b/Au ~^ + b^i,C. 



(5.36) 



The new metric 



{g + b). 



-1 



(5.37) 



is the open string metric |159j . Note that in our interpretation it only appears 
with the upper indices, whereas g^„ simply gets multiplied by e""^. In other 



words, a proper inverse for the contravariant open string metric (5.37) would be 



gfiu - bf.ag'^'^hpu 



rather than [g + h)s^v = g^y as in (5.36). 



Note that the matrix in (5.32) also has an antisymmetric part: 



(5.38) 



-{g + h)-^^^-{C2 + bC\ 



{C2 + bC),^{g + h)- 



— 1 au 



{9 + bl 



-1 



where 



(5.39) 



P'L = e~'%u - {C^a + b^^C){g + b)-^''\Cpy + h^yC). (5.40) 
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This corresponds to the anticommutativity parameter of [159]. One could spec- 
ulate that some kind of anticommutativity arises in the generalized geometry for 
D-branes. Within the generic logic of this chapter this is quite an unexpected 
and interesting by-product, worth to be studied separately. 
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CHAPTER 6 
CONCLUSION 

In this thesis we studied several aspects of string theory duahties from the 
worldvolume action perspective, and how they manifest themselves in the effec- 
tive low energy supergravity theories. This study has taken the form of both 
purely theoretical and "applied" investigation (to the extent to which mod- 
ern string theory may be applied). On the theoretical side we considered the 
fermionic T-duality transformation in type IIB supergravity (chapter [s]) and 
some aspects of U-duality in 10-dimensional string theory (chapter |5]); on the 
applied side we studied an application of fermionic T-duality in the AdS/CFT 
approach to scattering amplitude dualities in d = 3 Af = 6 gauge theory (chapter 

i- 

In the chapter |3] we have demonstrated the basic features of fermionic T- 
duality transformation by generating a few supersymmetric solutions of com- 
plexified supergravity. In this study we observe several interesting properties, 
some of which are quite unexpected. We have seen that fermionic T-duality 
does not commute with bosonic T-duality, because new components of the RR 
forms that arise after the duality transformation depend more on the structure of 
the Killing spinors, rather than Killing vectors and the corresponding spacetime 
symmetries. In retrospect this should not be a surprise since it is known that 
supersymmetries and isometrics do not commute either. One can also think of 
examples where T-duality breaks supersymmetry (at the level of supergravity). 

Several examples of real fermionic T-dual backgrounds have been found in the 
pp-wave case. These are however trivially related to the pp-wave itself (i.e. one 
can talk of a self-duality in a certain sens^. Fermionic T-duals in general have 

^After this thesis was submitted, the work investigating self-duaUty of a general class of 
pp-wave backgrounds has been completed [160) . 
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complex RR backgrounds because of the constraint that the supersymmetries 
being duahzed belong to the abelian subgroup of the symmetry supergroup; for 
that reason it would be interesting to consider the possibility of relaxing the 
abelian constraint in order to have a manifestly real nonabelian fermionic T- 
duality transformation. 

Following this in the chapter |4] it was shown that under the combination 
of bosonic and fermionic T-dualities in the directions given by the three trivial 
AdS^ isometries, three complexified CP^ isometrics and six complexified super- 
symmetries the transformation of the dilaton is indeterminate: 



This provides an alternative point of view on T-dualizing AdS^ x CP^ background 
that has been done recently by Adam, Dekel, and Oz |104j in the supercoset for- 
mulation of the sigma-model. The authors of |lU4j who have also encountered 
a singularity suggest as one of the possible explanations the /t-symmetry gauge 
fixing that is used to obtain the coset model |161j . This may break dual su- 
perconformal invariance of the corresponding field theory since certain string 
configurations cannot be represented after the gauge fixing. The analysis pre- 
sented here uses a supergravity description of the superstring, which certainly 
does not have this truncation, and yet the singularity persists. It is yet to be un- 
derstood what makes singular transformations possible, and in particular what 
is the role of complexification of the fermionic symmetries that is obligatory for 
doing fermionic T-duality. 

Perhaps a way to eliminate this ^ ambiguity would be to consider a deformed 
^^5*4 X CP^ background, the deformation being parameterized by some A, such 
that the dependence on the deformation parameter e^'^' = /(A) e^*^ would have 
a well-defined limit as one removes the deformation limA_>o/(A). In order to 
ensure that taking this limit sends us back to the initial background one would 
also require that the A-deformation commutes with T-duality. 

Most likely such a deformation would require giving the dilaton some nontriv- 
ial coordinate dependence. The dilaton equation of motion in our conventions is 
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R = 4{d(f)y - 4V> (6.2) 

(for a vanishing 5-field). If we keep the dilaton constant, then the requirement 
that the AdS part of the geometry be preserved will only allow for the deforma- 
tions of the CP^ part that preserve R = 0, which is problematic. One can also 



consider the Killing spinor equation (4.24a), which in the ABJM background 



reduces to the eigenspinor condition (4.26). If one were to deform the RR 2- 



form, the eigenspinor condition would be broken, and for some supersymmetry 
to be preserved one would have to introduce the dilaton into the game. With 



nontrivial dilaton the equation (4.26) gets modified to 



[k(3'di(j) - (Q + 2)] ^'r] = 0, (6.3) 

where, as before, Q = ^Fij(3^^ (3'^ , and we have absorbed the numerical factors 
that depend on the supergravity conventions into the constant k. An appropriate 
relative normalization of F2 and F4 is also assumed. It is possible that the dilaton 
field with nontrivial dependence on the internal manifold could allow for some 
supersymmetry to be preserved under the deformation. 

A candidate recipe for the deformation is the TsT transformation [H7] . 
which gives the beta-deformed AdS^ x CP^ theory described in |162] . In order 
for the Killing vectors to be preserved under the beta-deformation, one may 
carry out the beta-deformation with respect to these Killing vectors. Therefore 



if we beta-deform the AdS4 x CP^ background using the directions (4.19), we 



can then use the same Killing vectors for the T-duality. However the dwdw 



block in (4.22) is not affected by such a beta-deformation, which means that the 
corresponding determinant is still zero. Thus the use of the TsT transformation 
for the deformation purposes in our setup is problematic. 

Finally, in the chapter |5] we have outlined the small step towards the remote 
aim of reformulation of type II supergravity in a U-duality covariant manner. 
Introducing the Dl-brane into the game has lead to the generalized metric de- 
pending explicitly on the RR fields of type IIB theory. This is a natural feature 
for the theory that respects S-duality, whereby the NSNS and RR fluxes get 
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mixed. 

Thinking of the S-duahty relation between the Fl and Dl-strings we note, 



however, that a field redefinition such as (5.36) does not boil down just to an 
S-duality transformation. It is plausible that one could achieve a covariant for- 
mulation of the generalized geometry if one starts from the covariant (p, g)-string 
action formalism [Ml MM MSI [ffl [167] . 

Needless to say that a lot is still to be done on the way to the full U-duality 
covariant description of type II supergravity. One should carry out the procedure 
described in this chapter for the full spectrum of string theory objects as shown 



in (5.3), (5.4). Then it will be required to unify all of these in a framework of a 
unique generalized metric, such that the supergravity action could be written in 
terms of a single covariant object. 

Aside from the main goal of the chapter we have found an antisymmetric 
contribution to the generalized metric of a Dl-brane. This may be a manifes- 
tation of (generalized?) spacetime noncommutativity |159j and deserves further 
investigation. 
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APPENDIX A 

IIB SUPERGRAVITY 
CONVENTIONS 

We will give the relevant action and equations of motion for IIB supergravity 
so that all our conventions are transparent. Our metric signature is mostly plus, 
(— + ...+); antisymmetric Levi-Civita tensor is defined with e^.g = 1. Apart 
from the metric, which is represented by Qmn, the bosonic field content of type 
IIB supergravity is given by two real scalars, dilaton and RR scalar C(o), two 
real antisymmetric second-rank tensors b and C(2) and a fourth-rank real tensor 
C(4), whose field stregth F(5) = rfC(4) is self-dual: 

mi...m6 — gi Crni...m6ni...n5-' ■ v / 

Prom string theory point of view, the fields C(o) , C(2) , and C(4) are potentials of 
the RR fields -F(n+i) = dC(^n)- Three remaining fields g,h, and belong to the 
NSNS sector of type IIB superstring. 

The action of type IIB supergravity in the string frame is a sum of three 
terms 

S — Snsns + Srr -\- Scs, 



where 



Snsns = ^ J d''x,/\g\e-"^ 
Srr = I 



(A.3) 
(A.4) 



1 



^^^^"4;^ J ^(4)A%)AF(3). (A.5) 
Here if(3) = db is the field strength of the NSNS antisymmetric tensor field, and 
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we use a common notation = -F)ti...^„-F„^...„„5(™'i"i . . Modified field 

strengths F(„) are used in Srr, and only there: 



'(3) 



F(3) - C(o)i/{3), 

1 



'(5) = ^(5) - 2*^(2) /\ ^(3) + 2^(2) /\ ^(3)- 



(A.6a) 
(A.6b) 



Note that these reduce to ordinary if the 6-field is zero. 



The equations of motion of the two scalars in the theory (A. 2) are the sim- 
plest. The dilaton equation reads 



R = 4(90)2 - 4VV + 



1 -^(3)' 

2 2 ' 



(A.7) 



and the RR scalar field equation is 



V'^O) + ^i^(3)F(3) = 0. 



(A. 



The equations for i?2,C(2), and C(4) are respectively (note that the first two 
equations have been simplified by substitution of the third one): 



_-i abm 



11^ 

23! 



Fabmnl p 



mnl 



1 1 1 

2^513! 



abm\...m^n-i...n-i rp rp 
t ^ m\...m^^ n\...n3i 



(A.9) 



VTpahm 



\]^pabmnlTT i ^ ^ ^ abm^ . . .m^ni . . .n-j p tt . (K -i riN 

2 21 2a/|^5!3- -'^mi...m5-nni...n3, l^/\.iu; 



rpmni...n4 _ ^ ^ ^ ni...n4h...l3ri...r3 tt rp l' A 1 1 

V m-f — — j"2l2| ri...r3- 1^--'--'-^ 

Finally the Einstein equations, after simplifying by substitution of the Ricci 
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scalar as given by the dilaton equation (|A.7|) are: 

1 



mn ' mn ' r, mn 



(A.12) 



where 



1 F F _ in — F~ ^ 

mn ^1 -'^mai...a4-r„ 



r(3) 
mn 

2^(5) 



(A.13) 
(A.14) 
(A.15) 



(the F(5)^ term in the 5-form energy-momentum is identically zero since F( 



(5) 



(5); 



The supergravity field equations, which we have derived here, simplify con- 
siderably in the case of zero 6-field, as is relevent for D-brane solutions. For the 
dilaton, RR scalar, b, C(2), C(4), and g we have correspondingly 



R = 4(90)2 - 4V^ 
V'C(o) = 0, 



(A.16) 
(A.17) 



Vm (C(o)-F) 



abm 



^ rpabmnl rp _i_ ^ ^ ^ abmi . . .msrii . . .n^ rp rp 



2 3! 



5! 3! 



mi...m5J- ?li...?l3; 



.20 



I t(3) I Ar(5) 
mn ^ mn ^ rnn 



(A.18) 
(A.19) 
(A.20) 

(A.21) 
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APPENDIX B 

CLIFFORD ALGEBRA AND 
SUPERSYMMETRY 

B.l d = 10 conventions 

We work with the real 32 by 32 representation for the gamma-matrices of R^'^, 
which exists due to the isomorphism C/(9, 1) = Mat([R, 32). It is convenient to 
exploit the periodicity property of the Clifford algebras 

a(9,i) = a(i,i) ® a(8,o) (b.i) 

to construct the gamma-matrices as tensor products of {ai,ia2}, which are the 
gamma-matrices of C/(l, 1) with the following symmetric {Ei,...,E8}, which 
are the gamma-matrices of 8-dimensional Euclidean space: 





§ 0-2 


§ (72 


§ (72 


E2 = a2 ^ 


§ 1 ^ 


5 (7i 


§ (72 


S3 = (72 Q 


$ 1 Q 


$ (73 


$ (72 


S^ = (72 ^ 


5 (7i 


5 (72 (5 


5 1, 


E5 = (72 Q 


5 (73 


5 (72 


5 1, 


E6 = (72 ^ 


5 (72 (5 


$ 1 


5 (7i 


S^ = (72 ^ 


5 (72 (5 


5 1 Q 


5 (73 




5 1 <i 


$ 1 ^ 


5 1, 



(B.2) 
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and S^ = S"'^-...-S^ = (T3(8)l®l(8)l, which is a chirahty operator in 8D. In 
particular, the representation we use is: 



^cr,®l^e= ^" , (r^ = -1 




(B.3) 



The 10-dimensional chirahty operator is = ■ . . . ■ = 0-3 (g) lig. Spinors 
of definite chirahty are defined as usual, T^^ip^ = i-?/'^; they provide two inequiv- 
alent real 16-dimensional representations of Spin{9,l), and S^. These are 
Majorana-Weyl spinors; we can also define 5+ © 5*-, which is a Majorana spinor 
(real 32 component) and 5+ (g) C {S^ (x) C), which are Weyl spinors (complex 16 
component) of positive (negative) chirahty. 



The "small gamma" 7^ matrices, which are used e.g. in the section |2.3 
defined as off-diagonal 16 by 16 blocks of the F'^ matrices: 



are 



-yA^a/^ 

so that they are analogs of Pauli matrices in 4D. One can read off their values 



from (B.3). The "f^ matrices are symmetric and they satisfy a condition 

+ llpl''' = ^V'-Sl (B.5) 

Position of the spinor indices reflects the convention to denote the positive chi- 
rahty spinors with ip"" and the negative chirahty spinors with Xa- For example, 
action of a gamma-matrix on a Majorana spinor is given by 

= I : ' IK 1 = 1 1 . (B-6) 




and action on chiral (Majorana-Weyl or Weyl) spinors can be written by setting 
'j/' or X to zero. 
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Since charge conjugation matrix in this representation can be taken to be 

crc~^ = -r^, (B.7) 

the Lorentz-covariant spinor bihnear takes the form (using Majorana conjugation 



^r^'$ =(^r ) ( _i 



\ / 

p ^ y V ^7 y (B.8) 



For chiral spinors, such as the supersymmetry parameters of IIB supergravity, 
this bihnear reduces to V'"7q^0^ ij^ the case of positive chirahty). This type of 
16-component spinor bihnear is used, e.g. in the formula ( |2.34[ ). 

KiUing spinor equations resuh from requiring that the supersymmetry vari- 
ations of the fermions vanish. The fermions in type IIB supergravity are the 
doublets of gravitini and dilatini, which have opposite chirality. We take the 
dilatini A, A to have negative chirality. The supersymmetry parameters e, e are of 
the same (positive) chirality as the gravitini ip^^'ip^. Supersymmetry variations 
in the two-component formalism are: 

8i^m = V^e - - ^ (^f (1) + f (3) + (5)^ r„e, (B.9a) 

5iJm = Vmt + \$^e + J (^f (1) - f (3) + (5)^ T^e, (B.9b) 



8\ = $<j>e--$e+^- (2f + f (3)) e, (B.9c) 

5A = 00 e + ]^$e - ^ (2f - f^^.^) 6, (B.9d) 

where 

J^(„) = lF„,,.„„r~", (B.IO) 
X 



97 



Clifford algebra and super symmetry 



Sometimes it is more convenient to derive and solve the Killing spinor equations 
in terms of the single complex gravitino, dilatino and supersymmetry parameter, 
defined as 

'ilm = 1pm + i^m, A = A + E = £ + H. (B.12) 

The above transformations can be rewritten in the complex notation as 

S^^ = V^e - -$.^e* + — f f + J r„£ - — f (3)r„,£*, (B.13) 



1 ie"^ 
6A = 0<Pe- -$e* - le^f^^-^e + — f (s)^*. (B.14) 



B.2 Gamma- matrices for CP^ 

For the purposes of working with type IIA supergravity, whose spinorial quan- 
tities are Majorana spinors of R^'^, we need a Majorana representation of the 
gamma-matrices. We can construct this as a product of Majorana representa- 
tions in 1 + 3 and in 6 dimensions. This representation is used in chapter |4] 

Our spacetime signature convention is ( — h . . . +), hence the following four 
real anticommuting matrices furnish a Majorana representation in D = 1 + 3: 

a;° = 0-3 102-, 

' ' (B.15) 

^2 = cTg (g) 0-3^ 

= oi ® 1. 

Volume element = a° . . . = iij2 ® 1 is also real and squares to —1. 
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We choose the six gamma-matrices of 6D Euchdean space to be 

^1 = 1 (8) (72 <8) (Ti, 

^2 ^ 1 (72 ® (73, 

,3» = ® 1 ® ^^^^^ 

= (T3 ® 1 ® a2, 
/35 = (72 (8) (7i (g) 1, 
= (72 (8) (73 (8) 1. 

These are imaginary and we define the corresponding volume element to be real: 

= . . = i(72 ® i(72 ® i(72. 

Finally, the ten-dimensional real gamma-matrices F are the following prod- 
ucts (for a — 0, ... ,3 and i — 1, ... ,6): 



F^+3 = (8 



(B.17) 



Ten-dimensional chirality operator is F^^ = F° . . . F^ = —a^ (8 0^ . This represen- 
tation is clearly not Weyl. 
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KILLING SPINORS 



The components of the CP^ factor (4.27) of the Kilhng spinor are given by 
the following: 



If X X 

/i = - < 2hi cos a sin — + 2/i2 cos a cos — + 



sm a 



sin - + /i4 cos - j sin -{26 + x - ^ip) + ( /is cos - - /i4 sin - 



cos ^(26* - X + 2^) - |^/i6 cos ^ - sin cos ^(26* + x - 2^') 

1 



/i6 sin - + /is cos - 1 sin -(26' - x + SV") 



(C.l) 



1 r X X 

/4 = - |2/ii cos a COS — — 2/i2 cos a sin — + 



sma 



/is sin — + /i4 cos — I cos - {26 + x~ '^4') + I ^3 cos — — /14 sin — 



sin ^(2^ - X + 2^) + f /i6 cos ^ - /15 sin ^ j sin ^(20 + x - 2^) 



— ( /ig sin — + /i5 cos — j cos - {26 — x + 2'?/') 



(C.2) 



/2 = - [(cos a + 1) sin — (cos a — 1) cos /i] + ^Bi [(cos a + 1) cos /i — (cos a — 1) sin /i] 
— 2 sinQ;(cos /i — sin //) {hi cos ^ — /12 sin ^ j |, 



(C.3) 
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/a = - [(cos a — 1) sin + (cos a + 1) cos ^] + Bi [(cos a — 1) cos 
+ 2sinQ;(cos/x + sin/i) ^/iicos ^ — /i2sin |, 



cos q; 



(C.4) 



1) sin (i\ 



f5 — - [(cos a + 1) sin — (cos a — 1) cos /x] + ,62 [(cos o; + 1) cos /i — (cos a — 1) sin /x] 
— 2 sin q;(cos — sin /i) (^hi cos 



X 7 ■ X 

/lo sm — 

4 4 



(C.5) 



/e = - [(cos a — 1) sin /J, + (cos a + 1) cos //] + B2 [(cos a — 1) cos /j, + (cos a + 1) sin //] 
+ 2 sin q;(cos /X + sin /i) (^hi cos ^ — /i2 sin | , 



(C.6) 



where 



A, 



sin ^ sin ^(26* - x) (^^3 cos ^ - ^4 sin ^ - sin ^ cos ^{29 - x) 

/i6 sm 2^ ^'^'^^2 J ^ '^'^^2 \ ^'^^ 4 V ^'^^ 2 ~ 2 

— sin J (2^ + x) [ /i3 sin ^ + /i4 cos ^ 

Bi = ^cos ^ cos ^ (2^ - x) (^h cos ^ - ^4 sin + cos ^ sin ^ (2^ - x) 

/ig sin ^ + ^5 cos - sin ^ ^cos ^(26* + x) ^^3 sin ^ + ^4 cos ^ 

+ sin ^(26* + x) (he cos ^ - ^^5 sin ^ 



and A2, B2 are the same with the following substitution: 



-0 -0 

sin )■ — cos — , 

2 2' 

COS — — > sin — . 
2 2 



(C.7) 



(C.8) 
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APPENDIX D 
D-BRANE ACTION FORMALISMS 

The prototype of generalized geometry first appeared in |158j . wliere a fun- 
damental p-brane theory has been considered and a generalized metric on the 
space 

TM © kPT*M 

has been constructed. Embedding of a p-brane with worldvolume coordinates 
= 0, . . . ,p into the spacetime is given by the functions /i = 0, . . . ,d. 

Using the independent worldvolume metric 'jij we can write down the Howe- 
Tucker form of the action as given in |158] : 

^p = ~yI <^'^'^^^''9^^'9^^^9,u - y(l -P) / d^^'i^-T,j 

(D.l) 

where Tp is the p-brane tension and the last term takes care of the p-brane electric 
coupling to the spacetime antisymmetric tensor field C^^j...^^: 

j q^+i) = j d'^'ij^^^, e'^^-^^d.,x^d.,x^^ . . . d,X'' C,,,...,^. (D.2) 
This action is suitable for the fundamental objects of superstring theory and M- 



theory. When p = 2 (D.l) is precisely the worldvolume action of the M-theory 
M2-brane, and for p = 1 we get a fundametal string (Fl-brane) action. Both 
these objects have no worldvolume fields apart from 7^- and x'^. 



The first two terms of the action (D.l) are equivalent to a Nambu-Goto 



action. Namely, if one varies (D.l) with respect to the worldvolume metric and 



then substitutes the equation of motion back into the action, one gets the new 
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action with a Nambu-Goto kinetic term: 



(D.3) 



As a result, one can write the Fl action (D.l) as either 



Sfi = -y / d''i^^'^d,x^d,x''g,, -T,jb2 (D.4) 

or 

Sfi = -Ti j d^^^- det {diX'^djx- g^,) - Ti J 62. (D.5) 

In order to make this action suitable for the description of other extended 
objects, be it the M5-brane, or the D-branes, we need to include a coupling to 
the corresponding extra worldvolume fields. In particular, for the Dp-brane we 
need to introduce a worldvolume gauge field, and the corresponding dynamics is 
now given by the DBI action 

Sdbi = ~Tp J ^/p+i^ e'^^- det {g^, + 7,,) -Tp J e^C, (D.6) 

where gij is the puUback to the worldvolume of the spacetime metric gfj^i,, 

J^ij = dix'^djx" h^y + 2TTa'{dA)ij 

is the gauge invariant worldvolume field strength 2-form, and C is a formal sum 
of all the RR fields in the theory. In the Wess-Zumino term j e^C it is assumed 
that only one RR field of appropriate rank is multiplying each term in the power 
series expansion of the exponential. For example, for the Dl-brane of type IIB 
superstring theory C = C(o) © C(2) © . . ., and 

Sdi = -Ti j rf2^e-V-det {g + - j (^2) + -^C(o)). (D.7) 
The kinetic term of the DBI action can also be recast in the Howe-Tucker 
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form. We can use 



S = -yI d'^'^e-*^ H^H9v + J'^,)-Y^^-P) I rf^+^ee-^v^, (D.8) 

where Hij = 'jij + aij is now a generic matrix {H = det Hij), so that for its inverse 
H^^ the symmetric part 7*-^ can be interpreted as an auxilhary worldvolume metric 
as before, whereas the antisymmetric part a*-' is a worldvolume antisymmetric 
tensor that contracts J-'ij-. 

H'' {9ij + = Y'9^, + a'^J'ir (D.9) 

Note that is defined to be the inverse of Hij, which means that its symmetric 
and antisymmetric parts Y'' not necessarily the inverses of and 

Qij, respectively. 

The equation of motion for Hij that follows from the above action is 

9ij + T,, - ^HijH'' {gki + J'ki) = ^-^Hij. (D.IO) 



This has a solution Hij = gij+J^ij, which upon substitution into (D.8) transforms 



it into the kinetic term of the DBI action (D.6): 



•S* [Hij — )• gij + J- ij 
T 
2 



or 



Therefore a Dl-string also admits two alternative formulations: 

Sdi = -y / d^^e-^V^W^ {gij + 7ij) -T^J (C(2) + -FC(o)). (D.12) 

Sdi = -Ti J c^^ee-V-det {g + -T^J (C(2) + -^Qo))- (D.13) 



104 



Bibliography 



[1] I. Bakhmatov and D. S. Berman, "Exploring fermionic T-duality," 
\Nud.Phys. B832 (2010) 89-108[ [arXiv: 0912 .3657 [hep^thT 



[2] I. Bakhmatov, "On AdS^ x CP^ T-duality," \Nucl.Phys. B847 (2011) 
|38-53[[iLrXiv: 1011 .0985 [hep-th] 



[3] C. Hull and P. Townsend, "Unity of superstring dualities," Nud.Phys. 
|B438 (1995) 109-137[ |arXiv:hep-th/9410167 [hep-thj 



[4] E. Witten, "String theory dynamics in various dimensions," Nud.Phys 



|B443 (1995) 85-126 arXiv : hep-th/9503124 [hep-th] 



[5] C. Vafa, "Lectures on strings and dualities," arXiv:hep-th/9702201 



I [hep-th] 



[6] J. Polchinski, "Dirichlet branes and Ramond-Ramond charges. 



\Phys.Rev.Lett. 75 (1995) 4724-4727, arXiv:hep-th/9510017 [hep-th] 



[7] C. Johnson, D-branes. Cambridge University Press, Cambridge, England, 
2002. 

[8] M. B. Green, J. Schwarz, and E. Witten, Superstring theory. Vol. 1: 
Introduction. Cambridge University Press, Cambridge, England, 1987. 

[9] M. B. Green, J. Schwarz, and E. Witten, Superstring theory. Vol. 2: Loop 
amplitudes, anomalies and phenomenology. Cambridge University Press, 
Cambridge, England, 1987. 



105 



BIBLIOGRAPHY 



[10] A. Giveon, M. Porrati, and E. Rabinovici, "Target space duality in string 



theory," Phys.Rept. 244 (1994) 77-202 arXiv:hep-th/9401139 



I [hep-th] 



[11] K. Kikkawa and M. Yamasaki, "Casimir effects in superstring theories," 
\Phys.Lett. B149 (1984)~357 , 



[12] N. Sakai and I. Senda, "Vacuum energies of string compactified on 



torus," \Prog.Theor.Phys. 75 (1986) 692 



[13] K. Narain, "New heterotic string theories in uncompactified dimensions j 



10," Phys.Lett. B169 (1986) 41 



[14] K. Narain, M. Sarmadi, and E. Witten, "A note on toroidal 



compactification of heterotic string theory," Nucl.Phys. B279 (1987) 369 



[15] A. Giveon, E. Rabinovici, and G. Veneziano, "Duality in string 



background space," Nucl.Phys. B322 (1989) 167 



[16] A. D. Shapere and F. Wilczek, "Selfdual models with theta terms. 



\Nucl.Phys. B320 (1989) 669 



[17] T. Buscher, "Quantum corrections and extended supersymmetry in new 



Sigma models," Phys.Lett. B159 (1985) 127 



[18] T. Buscher, "A symmetry of the string background field equations, 
\Phys.Lett. B194 (1987)^ 



[19] T. Buscher, "Path integral derivation of quantum duality in nonlinear 
Sigma models," \Phys.Lett. B201 (19 88) 466^ 

[20] S.-J. Rey, "The confining phase of superstrings and axionic strings," 
\Phys.Rev. D43 (1991) 526-538 



[21] A. Font, L. E. Ibanez, D. Lust, and F. Quevedo, "Strong - weak coupling 



duality and nonperturbative effects in string theory," \Phys.Lett. B249 
1(1990) 35-43 



[22] A. Sen, "Electric magnetic duality in string theory," Nucl.Phys. B404 
1(1993) 109-T26t |arXiv:hep-th/92070 53 [ hep-th] 



106 



BIBLIOGRAPHY 



[23] J. H. Schwarz, "Covariant field equations of chiral N=2 D=10 



supergravity," \Nucl.Phys. B226 (1983) 269 



[24] E. Bergshoeff, C. M. Hull, and T. Ortin, "Duality in the type II 



superstring effective action," Nucl.Phys. B451 (1995) 547-578 



arXiv:hep-th/9504081 [hep-th] 



[25] D. S. Berman and M. J. Perry, "Generalized geometry and M theory," 



arXiv: 1008. 1763 [hep-th] 



[26] T. Bargheer, F. Loebbert, and C. Meneghelli, "Symmetries of tree-level 
scattering amplitudes in N=6 superconformal Chern-Simons theory," 
\Phys.Rev. D82 (2010) 045016HarXiv: 1003. 6120 [hep-thT| 



[27] J. Polchinski, String theory. Vol. 1: An introduction to the bosonic string. 
Cambridge University Press, Cambridge, England, 1998. 



[28] D. H. Friedan, "Nonlinear models in two + epsilon dimensions," Annals 



\Phys. 163 (1985) 318, Ph.D. Thesis. 

C. G. Callan, Jr., E. Martinec, M. Perry, and D. Friedan, "Strings in 



background fields," Nucl.Phys. B262 (1985) 593 



[30] J. Polchinski, String theory. Vol. 2: Superstring theory and beyond. 
Cambridge University Press, Cambridge, England, 1998. 

[31] T. Ortin, "Gravity and strings,". ISBN: 0521824753. 

[32] J. M. Maldacena and J. G. Russo, "Large N limit of noncommutative 



gauge theories," JHEP 9909 (1999) 025, arXiv:hep-th/9908134 



I [hep-th] 



[33] M. Alishahiha, Y. Oz, and M. Sheikh- Jabbari, "Supergravity and large N 
noncommutative field theories," JHEP 9911 (1999) 007, 



arXiv:hep-th/9909215 [hep-th] 



[34] R.-G. Cai and N. Ohta, "On the thermodynamics of large N 



noncommutative super Yang-Mills theory," Phys.Rev. D61 (2000) 124012 



arXiv:hep-th/9910092 [hep-th] 

107 



BIBLIOGRAPHY 



[35] O. Lunin and J. M. Maldacena, "Deforming field theories with U(l) x 



U(l) global symmetry and their gravity duals," JHEP 0505 (2005) 033 
|arXiv:hep-th/0502086 [hep-th] 



[36] U. Gursoy and C. Nunez, "Dipole deformations of N=l SYM and 
supergravity backgrounds with U(l) x U(l) global symmetry," 



Nucl.Phys. B725 (2005) 45-92| arXiv:hep-th/0505100 [hep-th] 



[37] D. S. Berman and L. C. Tadrowski, "M-theory brane deformations,'' 



\Nucl.Phys. B795 (2008) 201-229| arXiv: 0709 .3059 [hep-th] 



D. Lust and S. Theisen, "Lectures on string theory," Led. Notes Phys. 
346 (1989) 1-346. 



[39] D. Tong, "String theory," arXiv: 0908. 0333 [hep-th] 



[40] E. Alvarez, L. Alvarez-Gaume, and Y. Lozano, "A canonical approach to 



duahty transformations," \Phys.Lett. B336 (1994) 183-189 



|arXiv:hep-th/9406206 [hep-th] 



[41] T. Curtright and C. K. Zachos, "Currents, charges, and canonical 

structure of pseudodual chiral models," \Phys.Rev. D49 (1994) 5408-542H 



arXiv:hep-th/9401006 [hep-th] 



[42] K. Sfetsos, K. Siampos, and D. C. Thompson, "Canonical pure spinor 



(fermionic) T-duality," Class. Quant. Gray. 28 (2011) 055010 



[arXiv: 1007.5142 [hep-th] 



[43] D. C. Thompson, "T-duality invariant approaches to string theory," 
[arXiv: 1012.4393 [hep-th] [ * Temporary entry *. 



[44] A. M. Polyakov, "Quantum geometry of bosonic strings," Phys. Lett. 



|B103 (1981) 207-210 



[45] E. Alvarez, L. Alvarez-Gaume, J. Barbon, and Y. Lozano, "Some global 



aspects of duality in string theory," Nucl.Phys. B415 (1994) 71-100 



arXiv:hep-th/9309039 [hep-th] 



108 



BIBLIOGRAPHY 



[46] A. S. Schwarz and A. A. Tseytlin, "Dilaton shift under duality and 



torsion of elliptic complex," Nucl.Phys. B399 (1993) 691-708 



arXiv:hep-th/9210015 [hep-th] 



[47] J. De Jaegher, J. Raeymaekers, A. Sevrin, and W. Troost, "Dilaton 
transformation under Abelian and nonAbelian T duality in the path 



integral approach," Nucl.Phys. B548 (1999) 563-584 



arXiv:hep-th/9812207 [hep-th] 



[48] E. Fradkin and A. A. Tseythn, "Effective field theory from quantized 



strings," \Phys.Lett. B158 (1985) 316| Revised version of Print-84-0928. 
M. Rocek and E. P. Verlinde, "Duality, quotients, and currents," 



\Nucl.P hys. B3 73 (1992) 630-646^ |arXiv:hep-th/9 110053 [hep-th] 



[50] S. Hassan, "T duality, space-time spinors and RR fields in curved 



backgrounds," Nucl.Phys. B568 (2000) 145-161, arXiv:hep-th/9907152 



I [hep-th] 



[51] M. Cvetic, H. Lu, C. Pope, and K. Stelle, "T duality in the 

Green-Schwarz formalism, and the massless / massive llA duality map, 
\Nucl.Phys. B573 (2000) 149-176| |arXiv:hep-th/9907202 [hep-th] 



[52] B. Kulik and R. Roiban, "T duality of the Green-Schwarz superstring," 



JHEP 0209 (2002) 007, arXiv:hep-th/0012010 [hep-th] 



[53] 1. A. Bandos and B. Juha, "Superfield T duality rules," JHEP 0308 



(2003) 032, arXiv : hep-th/0303075 [hep-th] 



[54] R. Benichou, G. Policastro, and J. Troost, "T-duality in 



Ramond-Ramond backgrounds," [Phys.Lett. B661 (2008) 192-195 



arXiv: 0801 .1785 [hep-th] 



[55] L. F. Alday and J. M. Maldacena, "Gluon scattering amplitudes at strong 



coupling," ,JHEP 0706 (2007) 064, arXiv: 0705 .0303 [hep-th] 



[56] N. Berkovits and J. Maldacena, "Fermionic T-duality, dual 

superconformal symmetry, and the amplitude/Wilson loop connection," 



JHEP 0809 (2008) 062, arXiv: 0807 .3196 [hep-th] 



109 



BIBLIOGRAPHY 



[57] N. Beisert, R. Ricci, A. A. Tseytlin, and M. Wolf, "Dual superconformal 



symmetry from AdS(5) x S**5 superstring integrability," Phys.Rev. D78 
1(2008) 1260041 [arXiv: 0807. 3228 [hep-th][ 



[58] P. Grassi and A. Mezzalira, "Aspects of quantum fermionic T-duality, 



JHEP 1105 (2011) 019, arXiv: 1101 .5969 [hep-th] * Temporary entry 



H. Godazgar and M. J. Perry, "Real fermionic symmetry in type II 



supergravity," ^JHEP 1101 (2011) 032[ |arXiv: 1008.3128 [hep-th] 



[60] P. Fre, P. A. Grassi, L. Sommovigo, and M. Trigiante, "Theory of 



superdualities and the orthosymplectic supergroup," \Nucl.Phys. B825 
1(2010) 177-202 [|arXiv: 906. 251 [he p-th] , 



[61] E. Chang- Young, H. Nakajima, and H. Shin, "Fermionic T-duality and 
Morita equivalence," jarXiv: 1101 .0473 [hep-th] , * Temporary entry *. 

B. Nikolic and B. Sazdovic, "Fermionic T-duality and momenta 
noncommutativity," [arXiv : 1103 . 4520 [hep-th] 



[63] J. Wess and J. Bagger, Supersymmetry and supergravity. 1992. 

[64] J. M. Figueroa-O'Farrill, "BUSSTEPP lectures on supersymmetry," 
|arXiv:hep-th/0109172 [hep-thj 



[65] N. Berkovits and P. S. Howe, "Ten-dimensional supergravity constraints 



from the pure spinor formalism for the superstring," Nucl.Phys. B635 
1(2002) 75-l05| |arXiv:he p-th/01 12160 [hep-th] 



N. Berkovits, "ICTP lectures on covariant quantization of the 



superstring," |arXiv : hep-th/0209059 [hep-th] [ 



[67] Y. Oz, "The pure spinor formulation of superstrings," Class. Quant. Grav 



25 (2008) 214001, arXiv: 0910. 1195 [hep-th] 



[68] O. A. Bedoya and N. Berkovits, "GGI Lectures on the Pure Spinor 



Formalism of the Superstring," arXiv: 0910. 2254 [hep-th] 



110 



BIBLIOGRAPHY 



[69] L. Mazzucato, "Superstrings in AdS," |arXiv: 1104.2604 [hep-th][ * 

Temporary entry *. 

[70] P. Grassi, G. Policastro, and P. van Nieuwenhuizen, "An introduction to 
the covariant quantization of superstrings," Class. Quant. Grav. 20 (2003) 



S395-S410, arXiv:hep-th/0302147 [hep-th] 



[71] X. C. de la Ossa and F. Quevedo, "Duality symmetries from nonAbelian 



isometries in string theory," Nucl.Phys. B403 (1993) 377^394 



[arXiv:hep-th/9210021 [hep-th] 



[72] A. Giveon and M. Rocek, "On nonAbelian duality," \Nucl.Phys. B421 
1(1994) 173-190[|arXiv:hep-th/9308154 [hep-th] 



[73] E. Alvarez, L. Alvarez-Gaume, and Y. Lozano, "On nonAbelian duality," 
\Nucl.Phys. B424 (1994) 155-183[ |arXiv:hep-th/9403155 [hep-th] 



[74] Y. Lozano, "NonAbelian duality and canonical transformations," 
\Phys.Lett. B355 (1995) 165-1701 |arXiv:hep-th/9503045 [hep-th] 



[75] K. Sfetsos and D. C. Thompson, "On non-abelian T-dual geometries with 



Ramond fluxes," Nucl.Phys. B846 (2011) 21-42, arXiv: 1012 . 1320 



I [hep-th] 



[76] Y. Lozano, E. O. Colgain, K. Sfetsos, and D. C. Thompson, "Non-abelian 



T-duality, Ramond fields and coset geometries," |arXiv: 1104.5196 
[hep-th] * Temporary entry *. 



[77] C. Hull, "Duality and the signature of space-time," JHEP 9811 (1998) 



017, larXiv : hep-th/9807'127 [hep-th] 



[78] C. Hull, "Timelike T duality, de Sitter space, large N gauge theories and 
topological field theory," JHEP 9807 (1998) 021, 
[arXiv : hep-th /9806 iiFlhe p-th] [ 

[79] R. Britto, F. Gachazo, B. Feng, and E. Witten, "Direct proof of tree-level 



recursion relation in Yang-Mills theory," Phys. Rev. Lett. 94 (2005) 



181602 arXiv:hep-th/0501052 [hep-th] 



111 



BIBLIOGRAPHY 



[80] G. Korchemsky, J. Drummond, and E. Sokatchev, "Conformal properties 



of four-gluon planar amplitudes and Wilson loops," \Nucl.Phys. B795 
1(2008) 385-408t |arXiv : 0707 . 0243 [hep-th][ * Temporary entry *. 



[81] A. Brandliuber, P. Heslop, and G. Travaglini, "MHV amplitudes in N=4 



super Yang-Mills and Wilson loops," \Nucl.Phys. B794 (2008) 231-243 



arXiv: 0707 .1153 [hep-th] 



[82] R. Ricci, A. A. Tseytlin, and M. Wolf, "On T-Duality and Integrability 
for Strings on AdS Backgrounds," JHEP 0712 (2007) 082, 



arXiv: 0711. 0707 [hep-th] 



G. T. Horowitz and A. Strominger, "Black strings and P-branes," 
[Nud.Phys. B360 (1991) 197-209[ 



M. Blau, J. M. Figueroa-O'Farrill, C. Hull, and G. Papadopoulos, "A new 
maximally supersymmetric background of IIB superstring theory," JHEP 



0201 (2002) 047, arXiv:hep-th/0 110242 [hep-th] 



[85] D. E. Berenstein, J. M. Maldacena, and H. S. Nastase, "Strings in fiat 
space and pp waves from N=4 superYang-Mills," JHEP 0204 (2002) 013, 



arXiv:hep-th/0202021 [hep-th] 



[86] L. F. Alday and R. Roiban, "Scattering Amplitudes, Wilson Loops and 



the String/Gauge Theory Correspondence," \Phys.Rept. 468 (2008) 
153-21H [arXiv: 0807. 1889 [hep-th] [ * Temporary entry *. 



[87] J. Drummond, "Review of AdS/CFT Integrability, Chapter V. 2: Dual 



Superconformal Symmetry," arXiv: 1012.4002 [hep-th] * Temporary 
entry *. 

[88] J. Drummond, J. Henn, G. Korchemsky, and E. Sokatchev, "Dual 
superconformal symmetry of scattering amplitudes in N=4 



super- Yang-Mills theory," Nud.Phys. B828 (2010) 317-374 



arXiv : 0807 . 1095 [hep-th] 



112 



BIBLIOGRAPHY 



[89] A. Brandhuber, P. Heslop, and G. Travaglini, "A note on dual 
superconformal symmetry of the N=4 super Yang-Mills S-matrix," 



Phys.Rev. D78 (2008) 125005| |arXiv: 0807 .4097 [hep-th][ 



[90] N. Beisert, "On Yangian symmetry in planar N=4 SYM," 
[arXiv: 1004 .5423 [hep-th] 



[91] O. Aharony, O. Bergman, D. L. Jafferis, and J. Maldacena, "N=6 
superconformal Chern-Simons-matter theories, M2-branes and their 



gravity duals," JHEP 0810 (2008) 091 arXiv : 0806 . 1218 [hep-th] 



[92] N. Beisert, J. Henn, T. McLoughhn, and J. Plefka, "One-loop 

superconformal and Yangian symmetries of scattering amplitudes in N=4 
super Yang-Mills," \JHEP 1004 (2010) 085[ |arXiv: 1002. 1733 [hep"^^ 



[93] T. Bargheer, N. Beisert, and F. Loebbert, "Exact Superconformal and 



Yangian Symmetry of Scattering Amplitudes," J.Phys.A A44 (2011) 



454012[ larXiv : 1 104 . 0700 [hep-th] 



[94] Y.-t. Huang and A. E. Lipstein, "Dual superconformal symmetry of N=6 



Chern-Simons theory," JHEP 1011 (2010) 076 arXiv: 1008.0041 



I [hep-th] 



[95] D. Gang, Y.-t. Huang, E. Koh, S. Lee, and A. E. Lipstein, "Tree-level 
recursion relation and dual superconformal symmetry of the ABJM 



theory," JHEP 1103 (2011) 116, arXiv : 1012 . 5032 [hep-th] 



[96] A. E. Lipstein, "Integrability of N = 6 Chern-Simons Theory," 
[arXiv: 1105.3231 [hep-th] 



[97] W.-M. Chen and Y.-t. Huang, "Dualities for Loop Amplitudes of N=6 



Chern-Simons Matter Theory," JHEP 1111 (2011) 057 



arXiv: 1107. 2710 [hep-th] 



[98] M. S. Bianchi, M. Leoni, A. Mauri, S. Penati, and A. Santambrogio, 
"Scattering Amplitudes/Wilson Loop Duality In ABJM Theory," 



arXiv: 1107.3139 [hep-th] 



113 



BIBLIOGRAPHY 



[99] M. S. Bianchi, M. Leoni, A. Mauri, S. Penati, and A. Santambrogio, 



"Scattering in ABJ theories," |arXiv: 1110.0738 [hep-th]( 



[100] K. Wiegandt, "Equivalence of Wilson Loops in ABJM and N = 4 SYM 



Theory," arXiv : 1 1 10 . 1373 [hep-th] 



[101] I. Adam, A. Dekel, and Y. Oz, "On integrable backgrounds self-dual 



under fermionic T-duality," \JHEP 0904 (2009) 120 arXiv: 0902 .3805 



I [hep-th] I 



[102] P. A. Grassi, D. Sorokin, and L. Wulff, "Simplifying superstring and 



D-brane actions in AdSixCP^ superbackground," \JHEP 0908 (2009) 



060, arXiv: 0903 .5407 [hep-th] 



[103] C.-g. Hao, B. Chen, and X.-c. Song, "On fermionic T-duality of sigma 



modes on AdS backgrounds," JHEP 0912 (2009) 051 arXiv: 0909 .5485 



I [hep-th] 



[104] 1. Adam, A. Dekel, and Y. Oz, "On the fermionic T-duality of the 
AdSixCP^ sigma-model," \JHEP 1010 (2010) 110, 



arXiv: 1008.0649 



I [hep-th] 



[105] D. Sorokin and L. Wulff, "Peculiarities of string theory on AdS^xCP' 



'3 " 



jarXiv: 1101 .3777 [hep-th] 



[106] A. Dekel and Y. Oz, "Self-duality of Green-Schwarz sigma-models. 



JHEP 1103 (2011) 117, arXiv: 1101.0400 [hep-th] 



[107] J. Bagger and N. Lambert, "Modeling multiple M2's," Phys.Rev. D75 



[(2007)' 045020] |arXiv:hep-th/0611108 [hep-th] [ Dedicated to the 
Memory of Andrew Chamblin. 

[108] J. Bagger and N. Lambert, "Gauge symmetry and supersymmetry of 



multiple M2-branes," \Phys.R ev. D77 (2008) 065008] [arXiv: 071 1. 0955 
I [hep-th] 



[109] J. Bagger and N. Lambert, "Comments on multiple M2-branes," JHEP 



|0802 (2008) 105||arXiv: 0712. 3738 [hep-th] 



114 



BIBLIOGRAPHY 



[110] A. Gustavsson, "Algebraic structures on parallel M2-branes," Nud.Phys. 



|B811 (2009) 66-76|[a^iv: 0709. 1260 [hep-th] 



[111] A. Gustavsson, "Selfdual strings and loop space Nahm equations," JHEP 



|0804 (2008) 083 arXiv: 0802 .3456 [hep-th] 



[112] I. R. Klebanov and G. Torri, "M2-branes and AdS/CFT," 

\Int.J.Mo±PhysrA25 (2010) 332-350[ [arXiv:0909Tl 580 [hep-th] 



[113] T. Klose, "Review of AdS/CFT integrability, chapter IV.3: N=6 

Chern- Simons and strings on AdS4xCP3," |arXiv: 1012 .3999 [hep-th] [ 
* Temporary entry *. 

[114] S. Hohenegger and I. Kirsch, "A note on the holography of Chern-Simons 



matter theories with flavour," JHEP 0904 (2009) 129 



arXiv: 0903. 1730 



I [hep-th] 



[115] P. Hoxha, R. Martinez-Acosta, and C. Pope, "Kaluza-Klein consistency. 



Killing vectors, and Kahler spaces," Class. Quant. Grav. 17 (2000) 
4207-4240[ |arXiv:hep-th/0005172 [hep-th]] 



[116] B. Nilsson and C. Pope, "Hopf fibration of eleven-dimensional 



supergravity," [Glass. Quant. Grav. 1 (1984) 499 



[117] Y. Hikida, W. Li, and T. Takayanagi, "ABJM with flavors and FQHE," 
\JHEP 0907 (2009) 1)65| |arXiv : 0903 . 2194 [hep-th] 



[118] J. M. Figueroa-O'Farrill, "On the supersymmetries of Anti-de Sitter 

vacua," 



Glass. Quant. Grav. 16 (1999) 2043-2055, arXiv : hep-th/9902066 



[[hep-th] 



[119] E. Cremmer, B. Julia, and J. Scherk, "Supergravity theory in 



eleven-dimensions," \Phys.Lett. B76 (1978) 409-412[ 
[120] E. Cremmer and B. Julia, "The N=8 supergravity theory. 1. The 



lagrangian," Phys.Lett. B80 (1978) 48 



[121] E. Cremmer and B. JuUa, "The S0(8) supergravity," \Nucl.Phys. B159 
1(1979) 141 



115 



BIBLIOGRAPHY 



[122] B. Julia, "Group disintegrations," in Superspace and supergravity: 

proceedings of the Nuffield Workshop, Cambridge 1980, S. Hawking and 
M. Rocek, eds., pp. 331-350. Cambridge University Press, Cambridge, 
England, 1981. 

[123] B. Julia, "Gravity, super gravities and integrable systems," in Istanbul 
1982, proceedings. Group theoretical methods In physics, pp. 214-227. 
Paris Ec. Norm. Sup., 1982. 

[124] J. Thierry-Mieg and B. Morel, "Superalgebras in exceptional gravity," in 
Superspace and supergravity: proceedings of the Nuffield Workshop, 
Cambridge 1980, S. Hawking and M. Rocek, eds., pp. 351-362. 
Cambridge University Press, Cambridge, England, 1981. 

[125] E. Cremmer, "Supergravities in 5 dimensions," in Supergravities in 
diverse dimensions, A. Salam and E. Sezgin, eds., vol. 1, pp. 422-437. 
1980. 



[126] N. Hit chin, "Generalized Calabi-Yau manifolds," Quart. J. Math. Oxford 



Ser. 54 (2003) 281-308 arXiv: math/0209099 [math-dg] 



[127] N. Hitchin, "Brackets, forms and invariant functionals," 



[arXiv: math/05086 18 [math-dg] ( dedicated to the memory of 
Shiing-Shen Chern. 



[128] M. Gualtieri, "Generalized complex geometry," arXiv : math/040 1221 



[math-dg] Ph.D. Thesis (Advisor: Nigel Hitchin). 



[129] M. Duff, "Duality rotations in string theory," \Nucl.Phys. B335 (1990) 
I6T01 

[130] A. A. Tseytlin, "Duality symmetric formulation of string world sheet 



dynamics," Phys.Lett. B242 (1990) 163-174 



[131] A. A. Tseytlin, "Duality symmetric closed string theory and interacting 



chiral scalars," Nucl.Phys. B350 (1991) 395-440 



[132] C. Hull, "A geometry for non-geometric string backgrounds," JHEP 0510 



(2005) 065, |arXiv:hep-th /0406 102 [hep-th] 

116 



BIBLIOGRAPHY 



[133] C. Hull, "Global aspects of T-duality, gauged sigma models and T-folds," 
[134] 



[135] 
[136] 
[137] 



JHEP 0710 (2007) 057, arXiv:hep-th/0604178 [hep-th] 



C. M. Hull, "Doubled geometry and T-folds," ]JHEP 0707 (2007) 080 



arXiv:hep-th/0605149 [hep-th] 



C. Hull and B. Zwiebach, "Double field theory," JHEP 0909 (2009) 099 



arXiv: 0904 .4664 [hep-th] 



D. S. Herman, "M-theory branes and their interactions," Phys.Rept. 456 



(2008) 89-126 arXiv: 0710 . 1707 [hep-th] 



C. Hull, "Generalised geometry for M-theory," JHEP 0707 (2007) 079 



arXiv:hep-th/0701203 [hep-th] 



[138] P. P. Pacheco and D. Waldram, "M-theory, exceptional generalised 



geometry and superpotentials," JHEP 0809 (2008) 123 



arXiv : 0804 . 1362 [hep-th] 



[139] D. S. Herman, H. Godazgar, and M. J. Perry, "SO(5,5) duality in 



M-theory and generalized geometry," arXiv: 1103.5733 [hep-th] 

Temporary entry *. 

[140] 1. Jeon, K. Lee, and J.-H. Park, "Stringy differential geometry, beyond 



Riemann," Phys.Rev. D84 (2011) 044022, arXiv: 1105.6294 [hep-th] 



[141] N. B. Copland, "Connecting T-duality invariant theories," Nud.Phys. 



|B854 (2012) 575-591[ |arXiv : 1 106 . 1888 [hep-th] 



[142] D. Andriot, M. Larfors, D. Lust, and P. Patalong, "A ten-dimensional 



action for non-geometric fluxes," \JHEP 1109 (2011) 134 



arXiv: 1106.4015 [hep-th] 



[143] D. C. Thompson, "Duality Invariance: From M-theory to Double Field 
Theory," J HEP 1108 (2011) 125| |arXiv: 1106.4036 [hep-th]] * 

Temporary entry *. 

[144] O. Hohm, S. K. Kwak, and H. Zwiebach, "Double Field Theory of Type 



II Strings," \JHEP 1109 (2011) 013 arXiv: 1107.0008 [hep-th] 



Temporary entry *. 



117 



BIBLIOGRAPHY 



[145] C. Albertsson, S.-H. Dai, P.-W. Kao, and F.-L. Lin, "Double Field 



Theory for Double D-branes," JHEP 1109 (2011) 025 arXiv: 1107.0876 



I [hep-th] 



[146] A. Coimbra, C. Strickland-Constable, and D. Waldram, "Supergravity as 



Generalised Geometry I: Type II Theories," JHEP 1111 (2011) 091 



arXiv: 1107 .1733 [hep-th] [ * Temporary entry *. 



[147] O. Hohm and S. K. Kwak, "Massive Type II in Double Field Theory," 



JHEP 1111 (2011) 086, arXiv : 1 108 . 4937 [hep-th] * Temporary entry 



[148] N. Kan, K. Kobayashi, and K. Shiraishi, "Equations of Motion in Double 
Field Theory: From particles to scale factors," |arXiv: 1108.5795 



I [hep-th] 



[149] G. Aldazabal, W. Baron, D. Marques, and C. Nunez, "The effective 



action of Double Field Theory," \JHEP 1111 (2011) Q52\ 
arXiv: 110 9. 0290 [hep-th]} * Temporary entry *. 



[150] I. Jeon, K. Lee, and J.-H. Park, "Incorporation of fermions into double 
field theory," \JHEP 1111 (2011) 025| [arXiv: 1109 . 2035 [hep"^W 



[151] D. S. Berman, E. T. Musaev, and M. J. Perry, "Boundary Terms in 

Generalized Geometry and doubled field theory," Phys.Lett. B706 (2011)| 
228-23T||arXiv: 1110.3097 [hep^thJl 



[152] D. S. Berman, H. Godazgar, M. Godazgar, and M. J. Perry, "The Local 
symmetries of M-theory and their formulation in generalised geometry," 
[arXiv : 1110.3 930 [ hep-th] 



[153] D. S. Berman, H. Godazgar, M. J. Perry, and P. West, "Duality Invariant 
Actions and Generahsed Geometry," jarXiv: 1111 .0459 [hep-th] [ 

[154] P. West, "Generalised geometry, eleven dimensions and Ell," 



jarXiv: 1111 . 1642 [hep-th]} * Temporary entry *. 
[155] N. B. Copland, "A Double Sigma Model for Double Field Theory," 



[arXiv: 1111. 1828 [hep-th] * Temporary entry *. 



118 



BIBLIOGRAPHY 



[156] O. Hohm and S. K. Kwak, "N=l Supersymmetric Double Field Theory," 



larXiv: 1111 .7293 [hep-th]} * Temporary entry *. 
[157] I. Jeon, K. Lee, and J.-H. Park, "Supersymmetric Double Field Theory: 



Stringy Reformulation of Supergravity," arXiv: 1112.0069 [hep-th] 

Temporary entry *. 



[158] M. Duff and J. Lu, "Duality rotations in membrane theory," Nucl.Phys. 
jB347 (19907394-419] 

[159] N. Seiberg and E. Witten, "String theory and noncommutative 



geometry," JHEP 9909 (1999) 032, |arXiv:hep-th/9908142 [hep-th] 



[160] I. Bakhmatov, E. O. Colgain, and H. Yavartanoo, "Fermionic T-duality in 



the pp-wave limit," JHEP 1110 (2011) 085 arXiv: 1109 . 1052 [hep-th] 



[161] J. Gomis, D. Sorokin, and L. Wulff, "The complete AdS(4) x CP**3 
superspace for the type IIA superstring and D-branes," JHEP 0903 
|(2009)l)r5HarXiv: 081 1.1566 [hep-th] 



[162] E. Imeroni, "On deformed gauge theories and their string/M-theory 



duals," JHEP 0810 (2008) 026, arXiv: 0808. 1271 [hep-th] 



[163] P. Townsend, "Membrane tension and manifest IIB S duality," .Phys.Lett. 
B409 (1997) 131-135[|arXiv:hep-th/9705160 [hep-th][ 

[164] M. Cederwall and P. Townsend, "The manifestly S1(2,Z) covariant 



superstring," JHEP 9709 (1997) 003, arXiv:hep-th/9709002 [hep-th] 



[165] M. Cederwall, "World volume fields and background coupling of branes," 



\Int.J.Theor.Phys. 38 (1999) 1135-1148| |arXiv:hep-th/9806151 



I [hep-th] 



[166] E. A. Bergshoeff, M. de Roo, S. F. Kerstan, T. Ortin, and F. Riccioni, 



"SL(2,R)-invariant IIB brane actions," JHEP 0702 (2007) 007 
|arXiv:hep-th/0611036 [hep-th] 



[167] I. A. Bandos, "Superembedding approach and S duality: A unified 



description of superstring and super Dl-brane," \Nucl.Phys. B599 (2001) 
|197-227[ larXiv : hep-th/0008 24 9 [hep-th] 



119 



